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Those who fall in love with practice without science are like a sailor who enters a ship
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nspiration begins with imagination and the spirit to create. Then comes the need

to communicate, to share an idea or thought. Grab a pencil and you can make it
real: a picture, abstraction made concrete, ideas preserved in time. Our hearts and
minds are moved to tell stories, to teach what we think and feel to others and learn
the same from them.

Of all the visual media, computer graphics is one of the newest. The computer is
a powerful amplifier—it can take terse descriptions of the world and create pictures
of that world, using any rules you choose. If we choose the classical rules of light,
then we can make pictures that can pass for photographs; other rules explore other
ways of seeing.

The field of image synthesis, also called rendering, is a field of transformation: it
turns the rules of geometry and physics into pictures that mean something to people.
To accomplish this feat, the person who writes the programs needs to understand
and weave together a rich variety of knowledge from math, physics, art, psychology,
physiology, and computer science. Thrown together, these disciplines seem hardly
related. Arranged and orchestrated by the creator of image synthesis programs,
they become part of a cohesive, dynamic whole. Like cooperative members of any
complex group, these fields interact in our minds in rich and stimulating ways.

I find each of these disciplines inherently interesting; together they are fascinat-
ing. Understanding the interplay of such diversity and exploring the connections is
exciting, and with the understanding of such elegant ideas comes a deep satisfaction.
That’s why I love computer graphics: it’s stimulating to the intellect and rewarding
to the heart.

I couldn’t find a book that presented image synthesis as a complete and integrated
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field of study, encompassing all of the topics I just mentioned. But I love to write.
And so this book was born. '

The big idea in this book is to lay out the rules that tell a computer how to take 3D
shapes and lights and create a picture—one that would pass for a photograph of that
scene if it existed. So our driving problem is the simulation of Nature’s illumination
of a scene, the capturing of that illumination on film, and its presentation to an
observer. Sometimes we bypass the film idea and just imagine an observer in the
scene. We often make it easy and pretend the observer has only one eye, so we can
ask, "Given this scene, what picture do I show to the observer to make her think that
she’s viewing the real scene?" We use all the disciplines I listed earlier to answer this
question, since our goal is not merely to create an image, but to create a perceptual
response in the viewer.

It’s all a trick! Like any visual medium, computer graphics creates illusions. Fred
Brooks [65] has observed that our job as image synthesists is to create an illusion of
reality—to make a picture that carries our message, not necessarily one that matches
some objective standard. It’s a creative job.

This book is not about how to write specific programs, or how to implement
particular algorithms. The history of computer graphics is like any discipline of
thought: tried-and-true ideas are constantly challenged by new ideas, and sometimes
the older ones, once seemingly invulnerable, are found somehow deficient and fade
away. So it is with rendering algorithms; our marketplace of ideas is a noisy and
bustling place right now.

But there are some ideas that I believe are fundamental, that come from the basis
of our discipline and lie at the heart of all we do. Those are the ideas in this book. I
have included many examples from current practice, but I rarely go into their details.
There are lots of references, and you can find a wealth of implementation information
in the literature. My purpose here is to discuss the underlying principles—the ideas
that have slowly emerged as the core of our discipline.

There are three such basic fields: human vision, signal processing, and physics.
These are not independent disciplines; as I’ve said, much of the fun of image synthesis
is seeing how these fields fit together. But here I have chosen to give each of these
topics its own day on the stage, in the form of a unit of the book. The fourth unit
pulls the first three topics together and shows how they combine to make rendering
algorithms. I look at two of today’s most popular techniques, hierarchical radiosity
and distribution ray tracing, as examples to illustrate the principles. Finally, the fifth
unit contains several appendices with short topic summaries, historical notes, and
reference data.

I make a general argument in this book. To design and implement a computer
system for creating synthetic digital images for people to view, you need to understand
the physics of the world you are simulating, the appropriate methods for simulating
those physics in the computer, and the nature of the human visual system that
ultimately interprets the image.
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The following few paragraphs describe the structure of the book and show how
the discussion has been arranged to provide an accumulating body of mathematical,
physical, and physiological information that culminates in a modern image rendering
system. There’s too much information here for a one-semester course on image
synthesis. Teachers may choose to present in detail only some of the information in
this book, covering the rest at a higher level; deciding where to dig deeply and where
to summarize lightly will depend on the instructor, the course, and the students. The
only material that ought not be skipped is the section on notation in Chapter 4.
With suitable summaries from the instructor to cover the gaps, students can work
sequentially, skipping material as desired. Since the book is cumulative, I don’t
recommend hopping back and forth.

In Volume 1, Unit I covers the human visual system, the effects of displays on
images, and the representation of color. The idiosyncrasies of the human visual
system are endless; it’s a finely tuned physical and neurological system of great
complexity, which we are only beginning to understand in a quantified way. But
there are some large-scale features that we do understand and that are important
to computer graphics: those are the topics I stress in Chapter 1. I discuss some of
the ways of representing color in Chapter 2, so that you can write programs that
manipulate color information correctly. In addition, Chapter 3 considers the effect
of a display on an image, since the transformation of a mathematical ideal into a
physical reality inevitably includes a change in the message.

Unit II addresses digital signal processing. In a digital computer, we transform
the smooth signals of everyday life into digitized, or sampled, representations. For
example, we usually compute the color of an image only at a finite number of
points on the display (the pixels), rather than at every infinitely small point on the
image. This simple operation has profound repercussions, which often clash with an
intuition born of our experience in the physical world. To ignore these effects is to
invite a flood of visual and numerical problems, from "jaggies" or stairsteps in an
image to an incorrect simulation with splotchy illumination and other ugly artifacts.
To understand these issues, Chapter 4 discusses the nature of digital signals, and
then Chapter S introduces the Fourier transform, which is a mathematical tool that
reveals some of the internal structure of a signal. Like listening to an orchestral
symphony and then looking at the complete score, taking the Fourier transform of
a signal lets us isolate different components of the signal for closer study. A related
tool is the wavelet transform, which is presented in Chapter 6. With these tools we
can find ways to efficiently and accurately compute the integrals of functions. This is
an essential part of image synthesis; in fact, much of image synthesis can be seen as
nothing but numerical integration of various types. Chapter 7 covers the basic ideas
of Monte Carlo integration, which is a powerful tool for handling this complex type
of problem.

With these analytic and comparative tools available to guide the discussion, I
turn to more practical issues involved in rendering images. Chapter 8 discusses
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uniform sampling, which is the process of taking a continuous signal and turning it
into a digital representation by taking evenly spaced measurements. This process,
though conceptually simple, introduces a Pandora’s box of unexpected problems. An
alternative is nonuniform sampling, addressed in Chapter 9, which offers a different
blend of advantages and disadvantages. Unit Il ends with Chapter 10’s survey of the
signal-processing methods that have proven of most use in image synthesis in recent
years.

Unit I, which opens Volume 2, turns to the physics of the real world. We begin
with a study of the nature of light in Chapter 11, and then move on in Chapter
12 to quantify the movement of energy through the world using the tools of energy
transport. Chapter 13 presents the field of radiometry, which offers us terms and
units for discussing the quantities and qualities of light present in different parts of a
scene. Chapter 14 covers the physics of materials, so we have some understanding of
how they interact with the light striking them. This leads us to Chapter 15’s study of
the large-scale simulation of light-matter interaction, known in computer graphics
as shading. The equations that describe how the shading on one object affects the
shading on another involve integrals, so we look at the mathematical methods for
manipulating and solving such integral equations in Chapter 16. By Chapter 17,
we’ve learned enough to gather these ideas into a single equation known as the
radiance equation, which gives the basic structure for how light moves through an
environment. This is the single most important equation in image synthesis, and
every digital image based on geometrical optics is always an approximate solution
of it.

The presentation of the radiance equation crowns the theoretical development
covered in this book. Rendering practice is largely involved with finding ways to
accurately and efficiently solve this equation. Because a complete analytic solution
appears impossible in any but the most trivial environments, we must cut corners,
simplify, and otherwise approximate everything involved in image-making, from the
geometry of the scene to the physics of the simulation. The methods of digital signal
processing give us the tools to understand which approximations are reasonable and
what their effects will be, so we can choose our simplifications in a principled way.

Unit IV demonstrates how the ideas in the first three units may be combined to
make a complete rendering algorithm. I present the popular techniques of radiosity
and ray tracing in Chapters 18 and 19 by applying different sets of assumptions and
simplifications to the radiance equation. Chapter 20 returns to the themes of Unit
I and discusses how displays affect the perception of a computed image. I present
some ideas for compensating for this distortion. The unit ends with Chapter 21, in
which I offer a few opinions about where I think image synthesis is headed.

Unit V consists of seven appendices. Appendices A-D offer reference material on
linear algebra and probability, some historical discussion of reflection and refraction,
and a catalog of analytic form factors for computing radiation exchange. Appendix
E provides a summary of useful constants and units, Appendix F an interpretation
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of the two most popular standards for describing real physical lighting instruments,
and Appendix G measured spectral emission and reflectivity data for a wide variety
of materials. For your convenience, the bibliography and index are printed at the
end of each volume.

The language of geometry, signals, and physics is largely written in mathematics.
So there are mathematics in this book, because that’s the best way people have found
for expressing clearly, simply, and precisely what are usually very simple and elegant
ideas. I’ve tried to use the most straightforward math possible at all times. This
may mean I’ve used some notation that’s unfamiliar to you. It’s all explained, and
I hope it’s not at all tricky. There’s lots of discussion about the equations and what
they mean, and it builds slowly. If you flip through the book now and something
looks daunting, don’t be concerned: by the time we reach the complex-looking stuff
it won’t be complex at all, because you’ll know how to read it.

If you know something about linear algebra (vectors and matrices), and you
remember the basic ideas of calculus (what integrals and differentials are, even if
you’re rusty on the mechanics), then you have everything you need to get through
this book. There’s a short appendix on probability if you’re unfamiliar with that
field; everything we use in the text is covered there. The occasional forays into other
areas of math are well-paved. I encourage you to consult standard math texts when
you want to, but I hope that you will infrequently need to.

This book does not consider all of computer graphics—such a book would be
a huge undertaking. I address only image synthesis: the job of converting a scene
description into a picture. There are many other important subfields in computer
graphics, including implicit and explicit modeling, motion control, compositing,
lighting, and more. You can find discussions of these topics and pointers to more
literature in the general textbooks. A good introductory text is Hearn and Baker
[199]. More encyclopedic and detailed discussions are available in Foley et al. [147]
and Watt and Watt [473]. A general introduction without math may be found in my
book for artists and designers [159].

If you’re studying on your own, make use of the references; there’s a world of
alternate explanations of almost everything in here. If you can study with a friend,
I encourage you to do so; it’s easier and often much more pleasant than working on
your own. I have always learned at least as much from my colleagues as I have from
my teachers.

I hope that this book is useful both to the student studying independently and
the student in the classroom. There are some exercises at the end of each chapter.
These ask mostly for prose descriptions and discussions, rather than mathematical
manipulation; the goal is to think about what the math represents, not the mechanics
of how it accomplishes the representation. If the ideas are in place, the mechanics
will come; going in the other direction is much harder.

I enjoy computer graphics. I like math and I like art, and image synthesis stimu-
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lates me analytically and emotionally. This book shares with you what I feel are the
most important and rewarding ideas in image synthesis.
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INTRODUCTION TO UNIT I

n this unit we will discuss color images and their perception by human beings.

I believe it is important that creators of images understand how people see, and
how they react to what they see.

There are two principal reasons to create a synthetic image: for analysis by a
computer, or for display to a person. If we are creating an image for a computer,
then we don’t even need to actually display the image; we need only create a set of
color values and give them to an analysis program.

But when we present an image to a person, our task is much more difficult. No
matter what specific purpose has brought us to create a picture, our primary and
essential desire is to communicate something to another person. We want to get an
idea into someone else’s head, and we are going to do it through that person’s sense of
vision. Anything in our image that doesn’t make it through the visual system will be
imperceptible by the viewer; we have wasted our time generating such information.
The human visual system is complex and loaded with idiosyncrasies: for example,
we sometimes see edges where there are none, or assume an object is concave or
convex depending on the direction from which it is being illuminated. When we
look at a picture, we see not just the image displayed and computed, but all the
artifacts added in by the visual system. The problem with these artifacts is that they
become part of the message, and augment or distort the message we intend.

If we don’t wish to waste time computing useless information, and we want to
avoid visual artifacts that will change our message, we need to understand how the
visual system works, at least in a basic way. The problem of the representation of
information is the job of the designer of the image, who must plan for the perception
of the image.

My goal in this unit is not to cover everything interesting about the visual system
(that would take volumes), nor even to cover everything that might be taught in an
undergraduate vision course. Rather, I have attempted to isolate those features and
phenomena that I feel are most important to computer graphics.



4 Introduction to Unit |

We are a long way from fully understanding the human visual system (new
theories are still being developed). But today’s theories provide a strong basis for
our new work, and it is that basis we cover in Chapter 1.

Chapter 2 addresses the description of color and its perception. We will discuss
color because our computer programs need to calculate with color, adding and
subtracting color representations to determine the amount of light bouncing around
a scene and ultimately displayed to a viewer. Our goal is to understand how to
describe colors in a way that allows us to discuss them abstractly and objectively, yet
still correlates to how they will be perceived. As with the visual system, new color
systems are still being introduced.

Compared to vision and color, the field of display technology is moving very
fast, and entirely new devices and principles are constantly replacing old standbys.
We must say something about displays in order to have at least a feeling for how
important the mechanics of the display process are to the presentation of an image,
but the field is too broad and changing too quickly for us to hope to cover the field
even superficially. Therefore in Chapter 3 I have chosen to pick just one common,
representative sample, the CRT display, and discuss that in some detail to give an
idea behind some of the thinking that goes into the trade-offs involved in designing
and intelligently using a particular display. Note that the term display includes any
presentation medium, including ink or paper or lasers projected onto granite cliffs.

I discuss displays in this part of the book to emphasize their relationship to the
visual system and image fidelity. We can think of image synthesis as a process that
ends when a file of color values has been computed, so that display of this file is
a separate problem. But the job of image synthesis isn’t complete until the image
can actually be viewed by someone, and that requires dealing with the limitations
and restrictions of real displays. Thus we discuss the CRT in this section as a
representative of the types of issues involved when designing and using a real system
for display of images to the human visual system. New hardware and software
technologies are giving image creators increased control over the mechanisms of
display, and their interaction with each other and the visual system is important to
the effective display of an image.



THE HUMAN VISUAL SYSTEM

1.1 Introduction

The human visual system is composed of two major components: the eyes and the
brain. A great deal is known about the physiology of the eye, including the operations
of various sets of cells that seem to work in concert. Much less is understood about
the brain, but it would be a mistake to neglect the brain as part of the visual system.
All experiments in which an observer is asked to report on visual sensation implicitly
include the brain’s processing of the visual signal. In this book we will not venture
into philosophical distinctions between “brain” and “mind”; for us, the brain will
serve as the agent of all abstract perception and reasoning.

We will start with a review of the structure of the human eye, since it acts as the
initial perceptual filter: signals not perceived by the eye cannot be further refined by
the brain. We will then survey some of the important features of the human visual
system as a whole.
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FIGOURE 1.1
Physiology of the human eye, shown in cross section.

1.2 Structure and Optics of tho Human Eyo

An overview of the physiological structure of the human eye is shown in Figure 1.1.
A “schematic eye” has been developed to facilitate high-level quantitative and struc-
tural discussions of the eye; Gullstrand’s simplified (number 2) schematic eye is
shown in Figure 1.2 [123]. Some numerical values for that schematic are given
in Table 1.1. A more complete, though more complex, schematic eye has been
introduced by LeGrand [489].

Our discussion of the eye will include two common optical terms: the diopter
and the visual angle.

The diopter (abbreviated D) is one measure of the power of a lens. It is defined
as the reciprocal of the focal length of the lens measured in meters. Thus a lens with
a focal length of .1 m (100 mm) has an equivalent power of 10 diopters.

Another important optical measure is the visual angle. This is the angle subtended
by some structure when seen from the nodal point inside the eye, as shown in
Figure 1.3.

The most important structural elements in the optical path are the cornea, iris,
pupil, lens, and retina.

The cornea is a clear coating over the front of the eye. The cornea has two
purposes: it serves as a protection mechanism against physical damage to the internal
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Unaccommodated | Accommodated
8.62D

Cornea 71 = +7.80 mm +7.80 mm
Radii of Lens anterior r2 = +10.00 mm | +5.00 mm
curvature

Lens posterior r3 = —6.00 mm —5.00 mm

Air m = 1.000 1.000
Refractive

A =1. 1.
indices queous M 336 336

Lens n3 = 1.413 1.413

Vitreous n4 = 1.336 1.336

Anterior chamber | d; = 3.60 mm 3.20 mm
Axial . Lens d2 = 3.60 mm 4.00 mm
separations

Vitreous d3 = 16.97 mm 16.97 mm

Cornea F, = +43.08D +43.08D
Surface Lens anterior F; = +47.70D +15.40D
powers

Lens posterior F3 =+12.83D +15.40D
Equivalent Lens +20.28 D +30.13 D
powers Eye +59.60 D +68.22D
f::;ilvalent Anterior f=-16.78 mm —14.66 mm
lengths Posterior f'=+2242mm | +19.58 mm

TABLE 1.1

Gullstrand’s simplified (no. 2) schematic eye. Source: Data from Davson, ed., The Eye, 4:103.

structure, and it provides initial focusing and concentration of the incoming light. A
typical human cornea has an optical power of about 40 diopters, due to its curvature
and the refraction (or bending of light) that occurs when the light passes from air
into the corneal tissue. The cornea is the strongest focusing element in the eye.

The iris is a colored annulus behind the cornea but before the lens. The iris
contains radial muscles that allow it to change the size of its inner hole, the pupil.
Only light passing through the pupil proceeds further into the eye.

Light passing through the pupil opening then strikes the transparent crystalline
lens. The lens is surrounded by a set of muscles called the ciliary body, which can
pull at the sides of the lens. When the ciliary muscles are relaxed, the lens is stretched
radially, flattening it and reducing its optical power; the light entering the eye is now
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brought to a focus as far from the lens as possible. The ciliary muscles may be tensed
to exert a compressive force on the lens: its diameter shrinks, the lens becomes
thicker, the optical power increases, and the focal point moves closer to the lens.
Thus when the muscles are relaxed, the lens has its longest focal length. When the
muscles tense, the lens is focused on nearer objects.

The ability of the lens to stretch in reaction to the pressure from the ciliary body
is called accommodation. The range of accommodation is a function of elasticity,
which diminishes with age. In a young child the lens typically has a range from 10 to
30 diopters. Past age 45 the lens has usually lost most of its elasticity, and remains
in a rigid, slightly stretched state [123].

Light focused by the lens falls on the retina, a thin but extensive layering of
cells covering about 200° on the back of the eye. The retina contains two types
of photosensitive cells: rods and cones. Cones are primarily responsible for color
perception; rods are limited to intensity, though they are typically ten times more
sensitive to light than cones. Rods are also physically smaller structures than cones,
so more of them may be packed into any given space, improving spatial resolution.

Although most of the retina is photosensitive, there is a small region at the center
of the visual axis known as the fovea, which subtends only 1 or 2° of visual angle.
The structure of the retina is roughly radially symmetric around the fovea. The fovea
contains only cones, and it is here that we find the densest collection of cones on the
surface of the retina: linearly, there are about 147,000 cones per millimeter.

In contrast, the soaring hawks (buteos) have as many as 1 million receptors in
the same area [412]. Because their optics are also somewhat specialized, hawks may
have vision as much as eight times better than ours; they can see a small object on
the ground at a distance from which we could not even see the bird in the sky.

Moving outward from the fovea, rods begin to appear among the cones, and
at the edge of the fovea there are more rods than cones, as shown in Figure 1.4.
Traveling further on a radial path from the fovea, the rods begin to form rings
around each increasingly infrequent cone, as shown in Figure 1.5 (color plate). The
highest density of rods appears at about 20° from the fovea. In total, the human eye
contains about 120 million rods and 6 million cones. Since the optic nerve contains
only about 1 million fibers, the eye must perform a lot of processing before the visual
signal ever reaches the brain.

There are two important aspects of Figure 1.4 that deserve mention. The first is
that the number of photoreceptors diminishes as we work our way outward from
the fovea. This would suggest that we have our greatest visual acuity in the region
in the center of our visual field, and less precision as we work our way out. The
second feature of the graph is the blind spot, where the optic nerve meets the retina
and there are no photoreceptors at all.

Figure 1.4 is based on classic work performed by Osterberg in 1935, and repre-
sents photoreceptor counts only along one radial line through the retina. A more
recent series of studies has produced a far more detailed set of maps of the dis-
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Density of receptors. Redrawn from DeValois and DeValois, Spatial Vision, fig. 3.4, p.60.

tribution of photoreceptors in the retina. Curcio et al. [112] have measured the
population of rods and cones and produced the map of Figure 1.6 (color plate)..
In these color-coded maps of the retina, the fovea is always at the center, and the
orientation is consistent (though the scale factor with respect to the center changes).
The color scales indicate the number of thousands of cells per square millimeter.

Figure 1.6(a) shows the density of cones in the fovea, over the entire retina. A
close-up of the fovea is shown in (b). Parts (c) and (d) show the same regions but
plot rod density; a close-up of the rod density near the fovea is shown in (e).
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These figures confirm our earlier statements. From Figure 1.6(a) we see that there
aren’t very many cones in the outer portions of the retina, but that the number jumps
suddenly when we reach the fovea. In (b) we see that this increase is quite abrupt.
Rods, however, are numerous in the retina outside the fovea, and from Figure 1.6(c)
we can see that at about 6 mm from the center there is a particular high-density
annulus called the rod ring. The density of rods falls off slowly as we approach the
fovea, and then drops off suddenly; this drop-off can be seen in more detail in panel
(d). An even closer view in (e) shows that the rod density drops to zero right in the
center of the fovea in the rod-free zone. Note that the rod-free zone in (d) is precisely
where the cones are densest in (b).

The change in photoreceptor density is directly related to a change in our per-
ceptual acuity in the image falling on that part of the retina. To demonstrate the
changing acuity in our gaze, consider Figure 1.7. Close one eye, and hold this
image about arm’s length directly in front of your open eye. Stare fixedly at the
center. Because the larger numbers are projected onto the less populated region of
the retina, they will be fuzzier, though the smaller numbers will be sharper. So all of
the numbers in the figure should be equally legible.

There are many ways to demonstrate the blind spot, but we must be careful to
distinguish the purely physical effect from additional psychological effects. Some-
times the visual system will “fill in” information that is logical, but not explicitly
presented in a scene; such filling in processes are known collectively as completion
phenomena. We must then be sure that in attempting to demonstrate a physical
effect, we isolate it as much as possible from further layers of processing. It can be
difficult to prevent all completion phenomena, since our experience tells us that we
seem to see a complete visual field all the time. Given that there is a region of the
retina where there are no photoreceptors, we must be filling in information all the
time; otherwise we would see a constant black spot everywhere we look.

To demonstrate your blind spot, look at Figure 1.8. Close your left eye, and hold
the figure about arm’s length away from your right eye. Stare fixedly at the cross on
the left. You may need to move the figure toward or away from you, but at some
distance the black dot should seem to disappear; at this position the dot is falling
on the blind spot, and the visual system is completing the white background in this
region.

Returning to the anatomy of the eye, the combination of cornea and lens provides
a total optical power ranging from +60 to +80 D, which translates to a focal length
from about 16 to 12.5mm. A typical human eye is about 24 mm from cornea to
retina, which requires an optical power of about 42 D. Thus there is some extra
focusing power available in the system to compensate for imperfect shaping of the
eye, in addition to the flexibility of optical power required to focus on objects from
very near to very far.

As an example of the variation in the shape of the eye, consider eccentricity,
one of the most common structural defects in the human eye. An eccentric eye is
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When you look at the center dot in this figure with one eye, all the letters should be equally legible.
Redrawn from Sekuler and Blake, Perception, fig. 3.20, p. 88.
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FIGURE 1.8
A diagram for demonstrating the blind spot.
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FIGURE 1.9
Eye geometry. (a) A normal (emmetropic) eye. (b) A myopic eye. (c) A hyperopic eye.

either too long or too short. If the focal length of the resting eye’s optical system
converges at the retina, the eye is called emmetropic, and the lens has sufficient
power to focus on objects both near and far (Figure 1.9(a)). Note that an eye need
not be physiologically ideal to be emmetropic; if the eye is too long but the lens
is correspondingly weak, the focus can still be brought to the retina, and vision is
normal.

If the lens is normal but the the eye is too long, then the eye is myopic; people with
a myopic eye structure are often called nearsighted. When the muscles around the
lens are at rest, then light is focused at a point in front of the retina (Figure 1.9(b)).
Tensing the ciliary muscles only increases the optical power of the lens, which brings
the focal point yet closer to the lens, making the problem worse, not better. Until
objects are very near, the lens cannot bring them into focus, because the lens can
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only increase its optical power. Corrective lenses are the most common means for
helping people with myopia achieve normal vision.

The opposite problem occurs if the eye is too short, called a byperopic eye. When
this eye is at rest, the focal point of the lens is behind the retina (Figure 1.9(c)).
Objects at infinity may be brought to focus by accommodative effort; hence the term
farsighted. However, when an object gets too close then the lens cannot compress
any more, and objects closer still will be out of focus, even though the lens is at
its maximal optical power. In effect, there is extra, useless optical power left over
to bring into focus objects “beyond infinity.” Corrective lenses also help hyperopic
eyes achieve a normal range of accommodation.

Although we have not said so explicitly, Figure 1.9 describes only a single color
of light at a time. Recall that a prism breaks up white light into a rainbow because
of refraction: different colors of light are bent by different amounts when they pass
from one medium to another. This is also true when the light passes through the
lens of the eye, so that a sharp white circle is in fact spread out by the time it reaches
the retina into a little circular rainbow; this inevitable effect is called chromatic
aberration in the lens.

This suggests one reason why artists think of red as an “advancing” color and
blue as a “receding” one [360]. Because the different colors bend slightly differently
as they pass through the lens, we must exert effort to change the shape of the lens
to bring the various colors to focus on the retina. To bring a red object to focus
requires the same action needed to bring a near object to focus, while blue focusing
is like focusing on a distant object.

1.3 Speciral and Temperal Aspects of the HVS

The human visual system involves much more than just the eye. Once the light
has been focused on the retina, many layers of physiological and psychological
systems process the information, rejecting some pieces of information, emphasizing
others, and shaping the signal into something that we can then interpret, often as
representative of physical structures.

There is a distinct band of electromagnetic energy to which the eye is sensitive,
usually called the visual range or visual band. Although the range of sensitivity
extends into both the infrared and ultraviolet range (albeit at very low sensitivi-
ties), for practical purposes the visual range is usually defined to include light with
wavelengths from 380 to 780 nanometers (1 nanometer = 1nm = 1079 m). We will
defer a detailed discussion of the nature of light and the meaning of wavelength until
Chapter 11. For now, the term wavelength may be thought of as corresponding to
a particular pure (or spectral) color, such as that produced by a laser. Throughout
this book we will indicate the range 380 to 780 nanometers with the symbol Ry.
A visual signal is often represented as a plot of intensity versus wavelength, as in
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FIGURE 1.10
An example of a power-versus-wavelength curve.

Figure 1.10. This is called a spectral radiant power distribution, a spectral plot, or
sometimes simply a spectrum.

Such a plot may be used to measure how much light is absorbed (rather than
radiated) per wavelength by a material. In this case the vertical axis is usually the
percentage of absorption.

The photosensitive cells of the eye are not uniformly responsive to all wavelengths
in the visible range, and the processing that comes after the eye serves to further refine
the ultimate importance of various regions of the spectrum to an interpretation of
the image.

The first step in processing light information is the reception of the light signal by
the photosensitive cells on the retina. Although most of these cells have a long, thin
structure, they are not packed into the retina parallel to each other. Rather, they are
tilted toward the center of the pupil. The result is a directional sensitivity known
as the Stiles-Crawford effect, in which cones are more responsive to light arriving
straight on than at an angle through the edge of the pupil [123].

Once light has managed to reach the photosensitive material in a rod or cone, it
causes a chemical action that results in a neural signal. The chemical at the heart
of this process has the generic name photopigment. The particular photopigment
found in rods, rhodopsin, has been studied extensively. It has been found that
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Photopigment absorption.

rhodopsin reacts to light in a bell-shaped curve, centered at about 500 nm. This is
in agreement with the sensitivity of the human visual system during night vision,
when there is not enough light to stimulate the cones, making the rods the dominant
sensor. Cone photopigments have rarely been extracted from primates, but many
psychophysical, psychological, and microspectrophotometric studies have been run
on primate and visual observers. The results of these experiments have yielded
consistent information that is probably a reliable description of cone sensitivity.
This information is summarized below.

There are three types of cones in the human eye, typically called S, M, and L
(named respectively for their peak response to relatively short, medium, and long
wavelengths), with peaks located at roughly 420, 530, and 560 nm, as shown in
Figure 1.11. The response curves for these cones (as well as the rods) are asymmetri-
cal; the drop-off at the high-frequency side is sharper than at the low-frequency side.
Thus the shorter wavelengths are more readily absorbed than the longer wavelengths
for all three ranges. Both rods and cones may be considered the ultimate in visual
sensitivity: a single photon carries enough energy to produce the chemical reactions
that change the electrical potential at the cell’s membrane, signaling the arrival of
light at that cell.
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The signal carried by the change in membrane potential makes up the entire mes-
sage sent by a photoreceptor to the rest of the visual system. Thus the only message
sent by a rod or cone is that light has arrived and stimulated the photopigment;
there is no information transmitted describing the wavelength of the photon. This
effect is called the principle of univariance [123]. The likelihood of absorption of
a photon by a particular cell is a function of the spectral sensitivity of the receptor
and the intensity of the incoming light (e.g., if the receptor is 30% sensitive at some
wavelength, any particular photon may not be absorbed, but about 30 of every
100 will). The time-averaged output of a photoreceptor is related to the number
of photons received over some recent interval, but there is no way to determine the
frequency distribution of these absorbed photons. It is only by combining the results
of many photoreceptors with different spectral sensitivities that the visual system
is able to reconstruct intensity and color descriptions of the incoming signal; this
reconstruction is believed to happen at a very early stage in visual processing.

The principle of univariance may at first seem puzzling: why should the visual
system have developed in such a way that the very first step in processing throws
away information that then must be re-derived? The answer is probably similar
to the reasoning behind the process of dithering, used in graphics when a display
cannot provide as many colors or gray levels as an image demands [445]. Suppose
that the eye contained many distinct color sensors with different, narrowly defined
bands of absorption. Although they might be as close-packed as cones, the number
of sensors for any particular frequency band in a fixed region would necessarily be
fewer than if only three types of cones occupied the space, thereby sacrificing spatial
color resolution. The human eye has evolved with a compromise of three sensors,
which gives good color sensor density in the retina and a sufficient amount of color
information to recompute the spectral information of the incident signal. Either the
number of sensors or their density could be theoretically increased at the expense
of the other. In fact, the density trade-off can be found in the very center of the
human fovea. Here there are no S cones to be found at all, so M and L cones are
able to pack even more tightly [463]. At the other extreme, some birds have five
to seven different color receptors (produced by a combination of the photoreceptors
themselves and a layer of oil) [412].

Not so easily explained is the curious structure of the retina itself. Surprisingly,
the photosensors are not the innermost layer of cells on the inside of the retina.
Rather, there are several layers of interconnecting cells on top of the photoreceptors,
blocking the light from the lens. The overall density of these cells is quite low, so
most of the incident light gets through. Even more surprising is the fact that the
photoreceptors themselves are oriented so that they face the back of the eye rather
than the pupil, so light must travel through the body of the photoreceptor before
it reaches the photopigment that will trigger a response [123]. These two pieces of
physiology have suggested to some that the retina appears to have evolved “inside-
out” from the structure that we would probably think most efficient. What forces
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caused the eye to evolve this way? Are there indeed advantages that we don’t yet
appreciate? Although many people now believe that the retina is simply the result
of an early, mysterious evolutionary preference, these puzzles continue to interest
researchers in the physiology, structure, and function of the visual system.

This seemingly reversed structure of the visual system is common to all vertebrates
[412]. It suggests that, for vertebrates, eyes are actually part of the brain and
represent an outgrowth from it. In fact, the cells of the retina are formed during
development from the same cells that generate the central nervous system; the retina
truly is part of this essential structure [463]. In contrast, invertebrate eyes come
from an invaginated bubble in the skin. The photoreceptors in invertebrates all face
toward the lens, while in all vertebrates they face away from the lens and toward the
brain. Spiders are unique in that they have both forms of eyes [412].

So far we have only discussed the response of the eye to a single photon. In fact,
the chemical processes that occur inside a photoreceptor last several milliseconds,
and additional photons that strike the receptor during that time add to the overall
response. Thus the output of a receptor is really a time-averaged response, an effect
called temporal smoothing. In effect, the sensors impose a low-pass filter over their
time response, though the cutoff frequency of that filter changes with respect to the
background light level: when there is little light arriving, there is little smoothing.

The effect of temporal smoothing leads to the way we perceive light that blinks,
or flickers. When the blinking is slow, we perceive the individual flashes of light.
Above a certain rate, called the critical flicker frequency (or CFF), the flashes fuse
together into a single continuous image. Far below that rate we see simply a series
of still images, without an objectionable sense of near-continuity.

Under the best conditions, the CFF for a human is around 60 Hz [389]. In
contrast, a bee has a CFF of about 300 Hz. We note that as with most other visual
phenomena, the flicker rate (that frequency at which flicker becomes noticeable) is
dependent on many factors, such as ambient light, size of the visual target, and duty
cycle between the length of time the image is displayed and the blank time (if any)
between images. For one set of conditions, Figure 1.12 shows the sensitivity of the
eye to different frequencies of flicker. Very early movies flickered because there were
not enough frames displayed per second to cause the eye to integrate the images;
they were perceived as a flickering series of still photos.

We saw earlier that a sensor reacts to an incoming photon with a chemical change,
which is then communicated to the neural circuitry in the eye by a change in electric
potential at the cell’s membrane. There is an additional complication, however,
that enables the eye to respond to enormous variations in levels of incoming light.
The phenomenon of adaptation gives the system great sensitivity when the overall
illumination is low, and some (though less) sensitivity when the overall illumination
is high [123]. Although maximum sensitivity over all illumination ranges would be
best, this appears to be a difficult problem for any receiving system. Given the need
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FIGURE 1.12
Flicker sensitivity. Redrawn from Sekuler and Blake, Perception, p. 254.

to compromise, it seems very desirable to have the most sensitivity at low light levels
where small variations carry a great deal of information.

The range of adaptation is extremely large. Figure 1.13 gives the average lumi-
nance of background against which we often view the world [355]. The luminance is
measured in candelas per square meter, which may be considered the light generated
by a typical candle (a more formal definition is given in Appendix E).

Because rods are about ten times as sensitive as cones, they are most useful for
night (or scotopic) vision, when ambient light levels are low. Figure 1.14 shows
the response of rods to different levels of incident light, and thus different levels of
adaptation. At low levels of light (L4), rods in their “normal” state are sensitive
in terms of both amplitude and wavelength; a small number of photons is likely to
produce a signal, and a change in the average wavelength will produce a change
in response. At higher light levels (Lg), the intensity-response curve has begun to
flatten out, and rods are less sensitive to both the number of photons and changes
in wavelength. Beyond a certain intensity (Lc), the rods are hyperpolarized, or
completely saturated, and release no synaptic chemicals, and thus do not contribute
to vision. This saturation typically occurs at daylight levels of illumination.

In daylight (or photopic) levels of illumination, it is the cones that are the most
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useful detectors of light information. When a cone has adapted to a particular level
of light intensity, it performs just like the rods: light intensities beyond a particular
level will cause the cone to hypersaturate and stop sending neural signals. For
example, in Figure 1.14 a cone that is adapted to light level L will not be able to
distinguish light levels Lp and Lg. However, if we assume that the incident light is
at level Lp for some time, the cone will adapt, shift its response curve to center at
that point, and thus be able to distinguish light levels Lp and Lg.

You may augment the frequency response information discussed above with the
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Rod and cone adaptation. Redrawn from DeValois and DeValois, Spatial Vision, fig. 3.14.

further processing carried out by the rest of the visual system by performing psy-
chological and neurophysiological experiments. In the final analysis, you may distill
the results into a final set of curves that provide the overall frequency sensitivity of
the human visual system at some particular level or range of illumination. Often
two curves are presented: one for low-level (scotopic) illumination, where the rods
provide the most information, and the other at high-level (photopic) illumination,
where the cones predominate. Typical scotopic and photopic luminous efficiency
functions are given in Figure 1.15.

Note that there is a shift in the frequency of peak sensitivity due to the different
photopigments of rods and cones. You can experience this change in peak perception,
called the Purkinje shift, by watching a red or yellow flower with dark green leaves
at sunset. When the sun is still above the horizon, your cones are active, and the
yellow flower will appear lighter than the leaves because yellow is closer to peak of
the photopic sensitivity curve than dark green. When the sun has set and light levels
are lower, your rods are the principal sensors. The scotopic sensitivity curve is more
responsive in the shorter wavelengths, so the green leaves will now appear relatively
lighter than the yellow flower, though both will of course be much darker due to the
lower amount of incident light.
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FIGURE 1.153
Luminous efficiency curves. Redrawn from Wyszecki and Stiles, Color Science, fig. 2(4.3.2), p. 258.

Rods and cones can only respond to the light that reaches them. As we mentioned
earlier, the light must pass through the inner layers of the retina, which can absorb
some light. The light must also pass through the eye itself, going through the lens
and the other components of the eye. For example, the lens in the human eye
changes color with time, becoming increasingly yellow as a person ages [489]. Thus,
the lens acts as a yellow filter, which obviously affects the spectral distribution of
light striking the retina. Measurements of the transmissive characteristics of the
eye have been carried out by Boettner and Wolter [52]; their data are summarized
in Figure 1.16. Note the transmission curves are both of high magnitude and flat
within the visual band.
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Transmittance of the human lens. Solid curve = total transmittance of a 4-1/2-year-old lens. Long-
dashed, short-dashed, and dotted curves = direct transmittance of 4-1/2-, 53-, and 75-year-old
lenses, respectively. Redrawn from Boettner and Wolter in Investigative Opthalmology, fig. 7,
p. 781.

1.4 Visval Phenemena

The human visual system is sufficiently complex that much of our understanding
comes from trying to understand intriguing phenomena that are revealed by physical
experiments. Some of these are familiar in computer graphics because we produce
images that tend to exaggerate these effects; others are less well known in the graphics
community.

We present here a short summary of some of these phenomena.

1.4.1 Confrast Sensitivity

Suppose that an observer is shown a sheet of paper with reflected intensity I, and
inside there is a smaller sheet with a slightly different intensity I + AlI, as in Fig-
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FIGURE 1.17
A contrast sensitivity experiment. (a) A small region in a larger one. (b) The just-noticeable-
difference curve.

ure 1.17(a). We would like to find the smallest just noticeable difference (or jnd) AI
such that the observer will report that the inner region is of a different intensity than
the outer region. Over a wide range of intensities, the ratio AI/I (called the Weber
fraction) is nearly constant with a value of about 0.02, as shown in Figure 1.17(b)
[345]. This curve is known as the contrast sensitivity function, or CSF.

The curve of Figure 1.17(b) suggests that the human visual system is responsive
to ratios of intensities, not absolute values. We note that dI is the limit of AI, and
that d[log(I)] = dI/I. This suggests that there is a constant k such that increasing the
logarithm of a signal by k corresponds to a just-noticeable difference in the intensity.

We can also measure contrast sensitivity with respect to a signal of changing or
constant frequency. A common such signal is a grating, which is simply a series of
vertical bars. If the bars have sharply defined edges, a horizontal profile through the
image would look like a square wave; a smoother transition would have a profile
more like a sine wave. The frequency of a grating is measured by the number of cycles
per millimeter on the retina; our response to different gratings is called the contrast
sensitivity function (CSF). The response of a human adult to sine-wave gratings
of different frequencies is shown in Figure 1.18. Note that for each frequency a
certain amount of contrast is required to perceive the grating; if the contrast is lower
than this amount, we see only a flat gray field. For a particular contrast, there is
some frequency of sine wave which we are best able to detect. For frequencies that
are higher and lower than that peak, we require more contrast in order to see the
variation.

Our contrast sensitivity is also dependent on whether we are using our rods or
cones. Figure 1.19 shows the difference in our CSF for scotopic (night) and photopic
(day) vision.
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FIGURE 1.18
Contrast sensitivity for sine waves. Redrawn from Sekuler and Blake, Perception, fig. 5.18, p. 155.

Adaptation plays an important part in our contrast sensitivity. When the eye has
adapted to a particular frequency, the sensitivity to information at and near that
frequency is decreased, as shown in Figure 1.20.

Figure 1.21 shows the CSF for a human infant and an adult. Notice that our
sensitivity increases with age. An important implication of this curve is that infants
cannot see high-frequency information as well as an adult. To an infant, the world
beyond a short distance appears blurry, as with extreme myopia. As the child ages
through its first year, its nervous system becomes more complex and capable of
encoding the high-frequency information that is striking its retina. As its ability to
transmit high-frequency information matures, the world comes into sharper focus.

As we age beyond about 20, our sensitivity to high frequencies begins to drop off,
as shown in Figure 1.22. This decrease in sensitivity probably comes from a decrease
in the pupil size of the eye [389], which decreases the amount of light arriving at the
retina.
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CSF in response to frequency adaptation. Redrawn from Sekuler and Blake, Perception, fig. 5.28,
p. 167.
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The CSF with respect to orientation. Redrawn from Bouville et al. in Proc. Eurographics 91,
fig. 1.

This response depends on direction. Our ability to resolve a grating of a given
frequency and contrast is best when that grating is horizontal or vertical [433] as
shown in Figure 1.23.

A full discussion of the CSF could easily fill a chapter; interested readers are
encouraged to consult the references in the Further Reading section.

1.4.2 Noise

Many human senses are tolerant of noise. For now, we will simply consider noise
to be a signal that seems to have a strong random component that is added in to the
signal we care about. An example from the audio domain is tape biss, which is the
sound made by blank audio tape. A visual example is static on a television signal,
where colors are occasionally wrong and there is a sprinkling of white or black spots.

As long as this noise isn’t too extreme, the human visual system tends to be very
good at ignoring it [218]. This is probably the result of how the photoreceptors are
distributed on the inside of the retina [479,496]. This relative acceptance of noise
will prove to be of great value to us when we discuss the phenomenon of aliasing
and ways to control it, in Units II and III.
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1.4.3 Mach Bands

People who make Gouraud-shaded polygonal images are familiar with Mach bands.
Named for the Austrian physicist Ernst Mach, Mach bands are an illusion that
variously emphasizes edges or suggests edges in a picture where the intensity is in
fact changing smoothly.

Figure 1.24 shows a set of vertical gray bars. Beneath them is a plot of their gray
values. Look near the boundary between any two bars. Although the intensity is
constant across each bar, the right side of each bar appears a bit darker than the
middle of the bar, and the left side appears a bit lighter. The transition from one bar
to another is emphasized by these illusionary changes in the intensity.

This sort of figure prompts the folklore theorem in computer graphics that Mach
bands arise where the first derivative of the intensity is discontinuous. In this case,
we have Mach bands around spikes in the first derivative.

In Figure 1.25 we have a smooth gray transition, yet we still see vertical bands
where the intensity changes quickly. Here all the derivatives of the intensity signal
exist and are smooth, so our folklore isn’t a complete predictor of the problem.

The origin of Mach bands is not completely understood, but a reasonable ex-
planation involves the retinal ganglion cells [388]. In a simplified model of the eye,
these cells act as weighted integrators of the intensity signal coming from the pho-
toreceptors. The integration is organized spatially; the geometric arrangement of the
photoreceptors is part of how they are interpreted. The type of retinal ganglion cell
we will consider integrates over a small circular region on the retina. These cells sum
the photoreceptor response in the center of this region, and subtract the photorecep-
tor signal in the annulus outside this disk but within the region of integration. The
effect of some cells reducing the response of nearby cells is sometimes referred to as
lateral inbibition.

Figure 1.26 shows four of these cells overlaid on a pair of bars. Cell A is
completely covered by the darker bar and cell D by the lighter one. The additive
center of cell B is on the darker bar but its subtractive outer annulus is partly on the
lighter bar. Because not as much signal is subtracted from B as from A, cell B will
report a slightly darker value. Similarly, the additive center of cell C is in the lighter
area, but its subtractive annulus is partly in the darker bar; more is subtracted away
from the center of C than the center of D, so C will report a lighter value than D.
Since this happens at all points along the boundary, and the effect increases as we
get nearer to the boundary, the left edge of the boundary looks darker and the right
edge lighter than the centers of the respective bars.

This analysis is probably too simple, but it suggests that we are likely to see
Mach bands in regions where the intensity is changing quickly; thus, a “large” first
derivative is sufficient (though not necessary) to predict the perception of a Mach
band. The interpretation of “large” depends on the context of the image, the viewing
conditions, and the viewer.
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FIGURE 1.24

Gray wedges in equal increments of intensity.

FIGURE 1.253
A smooth gray transition.
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FIGURE 1.26
Neural analysis of Mach bands.

FIGURE 1.27
Lightness contrast. All of the interior regions are the same gray value.

1.4.4 Lighiness Contrast and Constancy

The phenomenon of lightness contrast (also called simultaneous contrast) is illus-
trated in Figure 1.27. Here we have a patch of a given gray value surrounded by
a number of other patches of different gray values. The apparent lightness of the
patch seems to depend on the surrounding gray value; the darker the surrounding
gray value, the lighter the patch appears.

This phenomenon makes it difficult for us to pick two intensities (or, with suitable
extensions, two colors) at random and expect them to behave in predictable ways
throughout an image. For example, a typical shorthand for representing a nighttime
scene is a horizontal wash of color, light at the bottom (to represent the light from
the setting sun) and dark at the top (to show the night sky), as in Figure 1.28.

Suppose we have a flying object in this scene, such as a bird or flying saucer, that
is not shaded in three dimensions (3D) but rather has a constant shading. As the
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FIGURE 1.28
A horizontal wash sometimes used as a background for a night scene.

object moves vertically in the scene, it will appear to get lighter and darker. If you
spot-check a few frames of the animation, you may see this change in lightness and
be concerned, but the phenomenon is a normal part of our experience and does not
need correction. When the change in the surrounding lightness is dramatic, some
compensation may make the scene appear more natural.

The phenomenon of lightness constancy allows us to accept a scene as the same
in both day and night, when the level of illumination is very different. For example,
suppose you are reading at your desk one evening. The book in front of you is
printed on white paper that reflects, say, 40% of the incident light, and the black
ink of the printing reflects only 5§%. Now you turn on another lamp which doubles
the illumination in the room. The black print is now reflecting twice as much light
energy back to you, but the print doesn’t appear twice as bright. This is because the
white page is also twice as bright, so the ratio has remained the same.

Lightness constancy is a powerful feature of the visual system and is one of the
phenomena that makes it possible for us to maintain a consistent mental image of
the world, despite dramatic changes in the level of illumination. We can explain both
lightness contrast and lightness constancy on a general level using the same ideas of
retinal ganglion cells we used for Mach bands [389].



1.5 Depth Perception 33

FIGURE 1.29
Eye placement for a rabbit and a person.

1.5 Dopth Porcoption

The human visual system is capable of constructing a 3D view of the world. This
ability, called depth perception, comes from many different kinds of visual informa-
tion, some of which may be gathered from one eye alone, and some of which requires
two eyes.

To see how two eyes work together, consider the placement of the eyes on the
heads of a rabbit and a person, as in Figure 1.29. The rabbit has almost 300° of
vision, though only a small amount of the visual field is seen by both eyes. The
human has a smaller total field of view, but the two eyes overlap in a much larger
region. Other examples of eye placement are the snail, which has eyes on the ends
of flexible stalks so that the regions of visibility and overlap may be changed at will,
and the whale, which has eyes so far apart on the sides of its head that it is completely
blind straight ahead [412]. Spiders and scorpions have clusters of at least six eyes,
and some have eight; there is a significant amount of field overlap.

In general, predatory animals have their eyes near the front of the head with a lot
of overlapping field, for better depth estimation when going after prey. Conversely,
animals that are preyed upon have their eyes far apart, the better to see more of the
environment and respond to potential attacks. For example, the owl’s eyes have a
very large region of overlap. The woodcock is a bird that eats small mud worms by
sticking its long, sensitive bill deep into the mud to seek out the unseen worms. The
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FIGURE 1.30
Types of depth information. Adapted from Sekuler and Blake [389].

woodcock’s eyes are perched on the extreme sides of its head, so the bird can see all
around and behind itself while immersed in mud [340].

The types of depth information we gather from our visual field are summarized
in Figure 1.30. We will discuss these cues one by one below; much of the discussion
is based on material in Sekuler and Blake [389].

1.5.1 Ocviomotor Depth

Oculomotor effects come from the muscular adjustments in our eyes. When you
look at something, you use the muscles surrounding your eye to converge them, or
physically rotate them to bring the point of attention, or fixation point, to fall on
the fovea. You also accommodate by changing your focus, tensing or relaxing your
ciliary body to adjust the thickness of the crystalline lens inside your eye.

Neither of these effects is a particularly robust or accurate indicator of depth
information, since they only relay useful information for objects very nearby. When
you are looking at an object more than about 6 meters away, the ciliary body is at
its most relaxed state, and your eyes are effectively converged on infinity (looking
straight ahead). Thus, for 6 meters and beyond there are basically no oculomotor
cues that contribute to depth perception.
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The other major category of depth cues are the visual cues, which are distinguished
into the binocular and monocular classes, depending on whether they involve two
eyes or one.

1.5.2 Binocvlar Depth

When two eyes are involved in a vision task, it is termed a binocular activity. The
ability to make depth judgements based on information from binocular vision is
called stereopsis. Stereopsis can provide very precise information on the depth of
objects in a scene.

For example, suppose you hold two pencils vertically about 1 meter from your
eyes. Stereopsis makes it possible for you to see a 1-mm disparity in the distances of
those two pencils; that’s a rather remarkable precision of 1 unit in 1,000.

To perceive depths based on binocular information, the visual system needs to
perform two tasks that are (at least conceptually) distinct. The first is to match
features in the two images, followed by a calculation of their retinal disparity, or
relative displacement in the retinal images.

We can imagine that feature matching begins with feature extraction, or finding
significant objects in both images, followed by feature correspondence, which iden-
tifies like features in the two images. An example of this is suggested by looking at
a room full of books; the first stage of processing would identify each book-shaped
blob in each image as a “book.” Two red books may then be put into correspon-
dence. Though it seems reasonable, this theory can be easily disproved.

This famous demonstration makes use of a random-dot stereogram, as shown in
Figure 1.31. When you view these images as suggested in the caption, directing one
image only to each eye, neither eye sees any of the other image. Since the images
are made simply of black and white dots, there are no common features to extract
and then merge; any black dot could match any other black dot. Yet when properly
viewed, a very distinct 3D structure with two layers is revealed. The experiment may
be repeated with more complex shapes and a larger number of identifiable layers.

The random-dot stereogram puts to rest the idea that the visual system first
extracts features from the individual images at the eyes, and then later matches those
features in the brain. After all, there are no features in these drawings to be matched!
The identification process must be somewhat more complex. It may be interesting
to note that infants as young as four months, as well as monkeys, cats, and falcons,
appear able to see the effect. A variant on the random-dot stereogram is the single-
image random-dot stereogram (SIRD). A SIRD is a repeating band of vertical texture,
where the dots have been displaced horizontally as a function of their depth. Some
people can deliberately cross their eyes and line up adjacent copies of the bands, so
that dots shifted in one band appear over unshifted dots in another band; the brain



FIGURE 1.31

Random-dot stereograms. To see the stereogram, it may help to place a piece of paper berween
your eyes, so that each eye sees only one image. Try to illuminate both sides equally. Relax your
focus and attempt to fuse the two images. You’ll find that a part of the image appears to float in
front of the background.
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interprets these shifts as changes in depths as in the regular random-dot stereogram
and a depth pattern encoded into the shifts can be made to emerge.

The principal characteristic distinguishing the images in the two eyes is retinal
disparity. This refers to the lateral separation of the two images—the fact that some
features are shifted on one retina with respect to other features. Although we have
seen that features are not extracted and then matched, there must be some sort of
matching process going on in the visual system, since we do perceive one complete,
3D world, rather than two similar views at all times.

The complete explanation of depth perception and binocular image combination
is not known, but it appears that the physiology of the visual system and the brain
plays a very large role in resolving retinal disparity to create a unified image of the
world. There seem to be cells that are specifically designed to find matches between
particular parts of each retina. When these cells find a match, the depth of the point
of fixation may be used to help determine whether the object under scrutiny is closer
or farther than the focus point.

As with the rest of the visual system (and the entire human body), stereopsis is
both remarkably robust and fragile. If any of the many steps involved in stereopsis
are not satisfied, then a person is said to be stereoblind. Rather than tolerate two
competing or unresolved images, the visual system seems to select one image for
presentation to the rest of the brain, and suppresses the information coming from
the other eye. The choice of which eye’s image to process may be fixed, or may
change, depending on the individual.

1.5.3 Monocviar Dopth

Several depth cues can be extracted from a single image; these are known as monoc-
ular depth cues. There are two general categories of such cues: static cues that can
be extracted from a single scene, and dynamic cues that require several images over
a period of time. We will look at static cues first.

The first cue we will examine is known in the vision community as interposition, and
in computer graphics as visibility. Computer graphics has a tradition of generating
this cue using hidden-surface removal techniques. The simplest of these techniques,
the painter’s algorithm, simply renders all the objects in the image one by one,
working from the farthest to the nearest, overwriting any previous information in the
image. The interposition cue is how we understand such a scene: if object A occludes
object B, we assume that A is nearer than B. Interposition is very powerful; if in an
experiment a subject is shown a scene in which retinal disparity and interposition
cues contradict each other, the interposition cues will win out.
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FIGURE 1.32
An example of the size cue.

The cue called size summarizes our experience that larger objects seem closer than
smaller ones. Even in an abstract set of objects, such as the squares in Figure 1.32,
the largest object appears to be closer than the others. We also seem to have a notion
of familiar size; if you see a friend’s face, you can quickly estimate how far away that
person is because you know roughly the actual size of his or her face.

Size may be responsible for the famous moon illusion. For a person on Earth
looking directly at the moon without additional optical instruments, the moon may
be considered to always have a fixed radius and a constant distance from Earth.
Therefore the visual angle subtended by the moon is a constant, and we might
imagine that the moon should always appear the same size. For thousands of years
observers have reported that the moon appears bigger when it is near the horizon
than when it is high in the sky [72]. This phenomenon seems to be common to
all cultures and ages. A complete answer to the moon illusion is still elusive, but
it probably depends on a number of perceptual cues being combined unconsciously
to cause different estimates of the moon’s size in different surrounding situations.
The heart of the problem is that when the moon is low to the ground and visible
behind common objects, we interpret it as part of that scene and apply our normal
experience of Earth-based vision to interpreting the distance of the moon. That is,
we mistake the size of the moon when it is near the horizon because it appears in
close proximity to many other, familiar objects.

The argument is based on the idea that when the moon is high in the sky, we have
no reference points, and because our normal range of visibility is typically only a
few kilometers or less, we unconsciously assume the moon is at about this distance,
underestimating its actual distance. Since we know that things appear smaller as
they get farther away, we then underestimate the size of the moon to make it agree

’
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FICGURE 1.33
The moon illusion.

with our underestimate of its distance. When the moon is on the horizon, we can
compare it to familiar objects such as buildings and trees, and we unconsciously
revise our distance estimate so the moon is farther away. But the retinal image of
the moon hasn’t changed size. So if the moon is farther away, but its image is not
smaller, the moon itself must be larger, as in Figure 1.33.

This explanation is far from the last word on this long-standing illusion [72], but
it suggests that some distance and depth cues may involve a sophisticated blend of
experience and judgment.

Perspective

The depth cues classified as perspective phenomena all deal with perceived changes
of physical structures with distance. Perspective is a natural result of the small pupil
that acts as the entry gate to our visual system. You could think of the pupil as a point
through which all light must pass, creating a perspective projection. Perspective is
not the only way to project a 3D world onto a 2D surface, but it is the one with
which we are most familiar in our daily lives.

Perspective may be used to fool us deliberately. Across the United States there are
some famous tourist attractions that advertise themselves as located on “gravitational
anomalies” or “physical impossibilities” [30]. Generally, the visitor is taken on a
tour through one or more buildings where balls appear to roll uphill, people become
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FIGURE 1.34

The Ames room: a forced-perspective illusion.

shorter and taller as they walk from one door to the next, and trees seem to grow
at an angle. These are almost always forced-perspective illusions, where the normal
visual cues of perspective are amplified and distorted so that we are presented with
a consistent visual argument that defies our previous experience. Perhaps the most
famous example of such an illusion is the Ames room, shown in Figure 1.34. Many
science museums have an Ames room in which you can experiment; it is fascinating
that even when you know exactly how the illusion is constructed and the principles
on which it is based, the visual argument is still compelling.

Linear perspective is the geometric variety of perspective that is most familiar in
computer graphics. It is the phenomenon whereby objects appear to get smaller as
they get farther away. The diminishing size of railroad track ties as they recede is
the classic example of this effect.

Texture gradient perspective tells us about depth by the change in the size, color,
and spacing of objects with distance. Figure 1.35 shows an abstract example of this
type of perspective. Sharp discontinuities in the texture field can suggest edges and
corners.

Aerial perspective (or atmospheric perspective) accounts for the effects of inter-
vening media such as fog and smoke, which are more pronounced upon the image
of an object as that object recedes. As light from an object is scattered through the
medium, it loses saturation and can be hue-shifted; contours and sharp edges are
also diffused. Objects that are farther away are seen less clearly than those nearby.
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FIGURE 1.35
An example of texture gradient.

1.5.4 Motion Parallax

The last cue we will examine depends on motion. As we move our heads, the relative
position of objects appears to move as well; this is called motion parallax.

The field of apparent motion is not uniform. To see this, fix your gaze at some
point not too far away and then move your head to the right. Objects nearer than
the fixation point will appear to move to the left; those farther away will appear to
move to the right, as in Figure 1.36.

In general, objects closer than the fixation point will move in the opposite di-
rection of your head motion and those farther than the fixation point will move in
the same direction as your head. In both cases, the apparent speed of the motion
increases with distance from the fixation point. You can confirm this easily by clos-
ing one eye, holding up two fingers at different distances, fixating on one and then
moving your head.

Motion is relative, and motion parallax will occur if your head is still but the
object is moving. A simple but very effective demonstration uses a large tree. View
the tree with one eye when the air is calm, around noon when there are few horizontal
shadows and the trunk appears to be a flat shade of brown; the tree will appear flat.
But when the wind picks up and the leaves move, suddenly the tree will acquire an
easily perceived depth.

These two types of parallax are sometimes distinguished with the terms bead-
motion parallax and object-motion parallax.
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Fixation

FIGURE 1.36
The apparent visual flow in head-motion parallax.

Note that motion parallax and retinal disparity seem to present the same infor-
mation in two different ways. Why should we have two such sensitive means for
determining depth? One answer may come from the different times when these skills
are useful. Motion parallax is useful when a predator is moving quickly, chasing
after moving prey. When a predator is searching for prey, it may be useful to stay as
still as possible; in this case retinal disparity would be very useful.

1.6 Color Oppononcy

It is interesting to consider how color information is propagated from the photore-
ceptors to the brain. Just as we saw the effect of the surround on lightness contrast
above, there is a phenomenon called color contrast that causes us to see colors in
different ways, depending on their surround.

This is not a new idea. Consider what Leonardo da Vinci [113] had to say about
it around A.D. 1500:

Of several colours, all equally white, that will look whitest which is against
the darkest background. And black will look intense against the whitest back-
ground.

And red will look most vivid against the yellowest background; and the same is
the case with all colours when surrounded by their strongest contrasts.
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FICGURE 1.37
A schematic view of color opponency.

This observation is described by a theory called color opponency. The model for
this theory is sketched in Figure 1.37.

The basic idea is that color information is transmitted from the eye to the brain
along three nerve bundles, or channels. The information along each channel is not
simply the values of the three retinal photoreceptors. Rather, each channel carries
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a sum or difference of the color information derived from the photoreceptors. The
sum of the responses from the M and L cones is transmitted along the achromatic
channel A = M + L; this carries only black-and-white (or intensity) information.

It has been suggested [472] that early, primitive sea creatures developed this
achromatic channel first, as a basic intensity-only response to light. As animals
became more complex, a chromatic channel developed, primarily to differentiate
sky and water from earth and vegetation. A second channel then developed to
provide a further refinement in the ability to distinguish colors.

One chromatic channel carries the difference between the M and L cones. Since
these correspond roughly to green and red, this is called the red-green chromatic
channel. In symbols, R/G = M — L (note that the channel’s conventional name,
R/G, does not imply the ratio of R to G).

A second chromatic channel makes use of the S photoreceptors. This carries the
difference between the S information (roughly in the blue region) and the achromatic
channel (roughly yellow). So this second channel is called the blue-yellow chromatic
channel: B/Y =S - A.

This suggests that colors get transmitted in a 3D space with axes of intensity,
red-green, and blue-yellow. This is why a color may be reddish yellow, but never
reddish green. This is easily verified: if you project red light onto a white screen,
and add green light, the sum appears yellow, not greenish red.

This theory also suggests why some colors appear more saturated than others; for
example, a yellow appears less saturated than a red or blue [389]. This comes about
because a hue will appear desaturated if it creates a strong achromatic response, and
at least some response in one of the chromatic channels: it’s the ratio of the chromatic
to the achromatic response that predicts how saturated a color will appear.

This is only a rough description of color contrast and color opponency, but it
should suggest that our perception of color depends on many factors, such as the
color of the surrounding environment, and that our visual system doesn’t allow us
to perceive certain color combinations.

These observations have important implications when we design and choose
colors for image synthesis. The surrounding field of every color must be considered
if we want to present a particular color.

1.7 Perceptual Color Matching: CIE XYZ Space

As we have seen above, the response of the visual system to incident light depends
on the different adaptations made by the physical components of the eye. In fact,
that is barely the tip of the iceberg: the many additional layers of physical and
psychological processing each have their own mechanisms for reacting to different
forms of light input and image structure, and thereby affect the overall response of
the visual system.
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Although a further study of the human visual system is fascinating and rewarding,
we will not need to explore this field deeper for this book. But keep in mind that
there are many factors to be considered when evaluating how an observer will react
to a particular visual input. Some of the additional problems include: the frequency
distribution and intensity of the background illumination, the size of the target (or
image), the intensity and frequency of recent stimuli, fatigue, age of the observer,
and even nutrition.

Given the complications, it may seem hopeless to attempt to find some single
way to describe “color” in terms of human perceptual response. We may be able to
create a laser that radiates at 555 nm, and call it “red,” but how do we determine
if an observer would call it “red”? And given the enormous range of influences on
the visual system and its response, might someone call this laser “red” today but
“green” tomorrow?

As we know from experience, the situation is not that bad. In practice, most peo-
ple have no trouble differentiating “red” from “green” on a reliable basis; achieving
this consistency is probably the purpose of many of the correction and adaptation
mechanisms we have discussed. But a single objective standard would be a very
useful context in which to discuss color. We could then discuss different observers
with respect to how they differ from an objective, standard observer.

A set of standard conditions for measuring human response to color was de-
cided upon by the CIE (Commission Internationale d’Eclairage). Under these test
conditions, a number of color matching experiments were performed.

One result of these experiments was the observation that any perceived color
could be generated by some combination of three well-chosen light sources. This
is almost certainly a result of the fact that our eyes contain three different types of
cones, each sensitive in a different frequency range.

Conceptually, the experiments proceeded as follows. Three particular light
sources were chosen and projected on the left side of a white screen, so they over-
lapped and their colors added together, as in Figure 1.38. Subjects were seated in
front of this screen, and given a knob to control the intensity of each of the three
sources. Then on the right side of the screen a single “target” color was shown, and
the subject was asked to adjust the knobs of the three sources until the mixed color
matched the target color. The lights were arranged so that the intensity of each of
the three source lights could be dialed to any number between +1 and —1. At +1 the
light was fully on, at 0 it was fully off, and at —1 the color was “subtracted” from the
composite; this was achieved by instead adding it to the target (this was necessary
in order to match all colors). This matching experiment was run for every spectral
color, and the three source values were recorded. The results of this experiment for
one set of source lights, simply called 7, g, and b, are shown in Figure 1.39. These
three lights were almost monochromatic, that is, almost completely made up of a
single pure wavelength; in this case r = 700nm, g = 546.1 nm, and b = 435.8nm
[489]. Although each person’s responses are different, after enough trials we can
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average the results and attribute them to a hypothetical standard observer. This has
been a very simplified account of color matching; more details are available in many
reference texts, such as Wyszecki and Stiles [489].

One surprising result of the color matching experiments is that very different
spectra can evoke the same perceived color. Figure 1.40 shows two spectra, each
of which cause observers to report the same perceived color. Different spectra
that give rise to the same perceived color under some set of conditions are called
metamers. In fact, any perceived color may be matched by an infinite number of
different metamers. This has important implications for image synthesis: if we
wish to represent the arbitrary color of one or more objects in a synthetic scene
with a spectral energy distribution, we may choose from the infinite possibilities
any metamer we like. Often this will be the one most convenient for storage and
computation.

Because of the practical difficulties in working with control values that are some-
times negative, the CIE defined three new hypothetical light sources, with spectra
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The T(A), ¥(A), and Z(A) color-matching functions for the 2° standard observer (solid curve) and
the 10° standard observer (dashed curve).

designated T(A), 5()), and Z()). The matching curves for these functions across the
spectrum are shown in Figure 1.41; note that all values are always positive.

To predict how much of each source would be needed to match an arbitrary
input color C()), you add together the necessary amount of each component at each
wavelength. Mathematically, this is simply the integral of the input and the source.
In other words, to “match” the color C()), we find how much of each of the three
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standard sources we need to add together to create a color perceptually equivalent
to C()). Thus to match C()) using

C(\) = XT\) + Y FO) + ZZ(\) (1.1)
we find the weights X, Y, and Z from

X = C(A)Z(N)dA
AERY

Y=AQ%CQWQMA

Z= C(A)Z(\) dX (1.2)

AERYV

(recall that [, . stands for [ ;2?380 when the visual band is taken to be 380 to
780 nm).

In effect, this standard defines a 3D linear space of colors, with respect to a
particular coordinate system called CIE XYZ space. This 3D color space is awkward
to work with directly. It iscommon to project the space onto the plane X+Y +Z = 1.
This results in a 2D space known as a chromaticity diagram. Figure 1.42 shows this
plane including the 3D XYZ locus for visible colors, demonstrating the projection of
the solid onto the XY plane. The coordinates in this projected 2D plane are usually
called = and y, derived from the 3D values by the relations

X
T Xyv+2z
Y
Y= Xiv+z
z
T Xyvaz 1T (1.3)

The plane of Figure 1.42 is shown in Figure 1.43. The curve in Figure 1.42 is
based on using targets that subtend a 2° angle from the observer; this is often called
the zy triangle for the 2° standard observer. Since the three Z()), 7()), and Z())
matching functions are all positive, all colors lie within the convex shape created by
the horseshoe curve forming the top two legs of the “triangle.” We may then simply
draw a line connecting the two ends of the horseshoe, and thereby define a closed
subset of colors that may be displayed on a typical CRT monitor.

The standard observer is a useful myth. In practice, each person has a slightly .
different response to color, influenced by many environmental and psychological
factors.


[David Salesin]
Erratum
using standard sources x_s(\lambda), y_s(\lambda), z_s(\lambda)

[David Banks]
Erratum
x_s

[David Banks]
Erratum
y_s

[David Banks]
Erratum
z_s

[Gary Bishop]
Erratum
triangle in Figure 3.32
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FIGURE 1.42
A chromaticity diagram. Redrawn from Silverstein, Color and the Computer, fig. 2-4, p. 33.

Perception may also be altered deliberately. During World War 1I, the United
States Navy wanted to use infrared signal lights to send signals that would be invisible
to everyone but the intended recipient. Unfortunately, United States seamen were as
blind to infrared as everyone else, so the signals were useless [389]. To overcome
this, Navy scientists observed that all retinal photopigments include vitamin A. They
hypothesized that by feeding the sailors a diet containing a chemical form of vitamin
A different from that in a normal diet, they might be able to influence the character
of the photoreceptive cells. For several months volunteers were fed a diet low in the
usual form of vitamin A but rich in an alternative chemical form. The experiment
appeared to be working, but an electronic device capable of sensing infrared was



X+Y+Z=1 plane

FIGURE 1.43
The spectral locus.

developed at about the same time, and the Navy cancelled the dietary experiment.
Nevertheless, the results show that a change in diet can influence the perception of
color.

Optical illusions have contributed a lot to our understanding of the visual system.
They serve to isolate and demonstrate effects and phenomena that we usually either
take for granted or are unaware of. The classic compendium of visual illusions is
Luckiesh [277]. More recent catalogs of illusions may be found in the references in
the Further Reading section.

We present a few illusions here to illustrate that there can be a large disparity
between the mechanistic description of an image and its perception. It can be
easy to forget this when working in computer graphics; there is a temptation to
believe that if one performs an accurate physical simulation of light physics, with
appropriately stable numerical methods and signal processing, then the final result
is an “accurate” image. The definition of accurate in this case does not include the
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FIGURE 1.44
Subjective contours.

observer, since people often “see” objects, contours, and relationships in images that
are not explicitly part of the image.

For example, consider Figure 1.44. In these images most observers perceive a
triangle whose corners are suggested by the cutaway black dots. The visual system
fills in the rest of the contours of the triangle, even if the edges are not straight; these
are called subjective contours.

Many famous illusions place equal-size objects in different contexts, with the
result that they appear unequal. The Miiller-Lyer illusion in Figure 1.45 shows two
horizontal lines of equal length, one bracketed by inward-pointing arrows, the other
by outward-pointing arrows. The line enclosed by inward-pointing arrows usually
appears longer. One explanation of this effect is that the arrows appear to suggest
two intersecting planes. The inward-pointing arrows suggest an angle that is concave
from our point of view; for example, we are looking into the junction between a wall
and a ceiling from inside a room. The outward-pointing arrows suggest a convex
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FICGURE 1.4583
The Miiller-Lyon illusion. Both horizontal lines are the same size.

angle; the outside of a box, for instance. Observers perhaps assume that the concave
intersection is farther away than the convex one, since it appears to be receding. Since
both horizontal segments have the same length, we “know” from perspective that
the farther-away line must therefore be larger [389]. This argument is not certain,
but it suggests the type of high- and low-level phenomena that probably combine to
create some illusions.

A similar illusion is shown in Figure 1.46; the two inner circles are the same size,
though they usually don’t appear that way. The explanation for this illusion is even
more tenuous.

Humans tend not to be particularly good at estimating absolute quantities, partic-
ularly the magnitudes of angles. In general, small angles tend to be overestimated and
large angles underestimated [358). Professional magicians know that these errors in
judgement can be enhanced by additional visual cues; thus, a magician’s assistant
may “disappear” from a clear tank that is sitting on a base that is “obviously” too
small for the assistant to have curled up into. Our perception of the size of the
base is misguided by color and shape cues that are carefully designed to force us to
underestimate its true size and shape.

Other classic illusions include “impossible figures,” where we are presented with
a planar projection of a 3D shape that is locally logical but globally inconsistent.
Famous examples include Penrose’s impossible tribar and endless staircase, in Fig-
ure 1.47.
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FIGURE 1.46
The two inner circles are the same size.

FIGURE 1.47
Two illusions found by Roger Penrose. (a) The impossible tribar. (b) The endlessly ascending (or
descending) staircase.
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1.9 Furthor Reading

Much more on the human visual system may be found in standard textbooks and
advanced research works. In particular, Sekuler’s textbook [389] is a good source
for a general introduction, and Wandell’s textbook [463) provides more detail and
some basic mathematical structure. There is a lot of classic wisdom in Leonardo
da Vinci’s notebooks; an excellent low-cost, unabridged, and illustrated two-volume
translation is available from Dover [113]. Further information on the anatomy of the
visual system may be found in volumes 2 and 4 of Davson [117,118]. An excellent
brief survey of the visual system may be found in the IES lighting handbook [355].
Resnikoff presents a look at perception from an information-theory point of view
[358). Some numerical information on the various parts of the physical system are
given by Wyszecki and Stiles [489].

A discussion of impossible-figure illusions and a great variety of examples may
be found in Ernst [137]. Discussions of illusions in general appear in Luckiesh
[277], as well as Lanners [257], Gregory [171], and Sekuler [389]; the latter two
contain modern descriptions of the theories that have been put forth to explain some
illusions. Gregory in particular presents a very interesting discussion on the relation
between perception and awareness.

A description of the many processes involved in spatial vision may be found in
DeValois and DeValois [123]. The visual systems of other animals are surveyed in
detail in a lavishly illustrated volume by Sinclair {412]. A general discussion of the
visual system and some philosophy about its relation to our development may be
found in Gregory [171].

The dependence of the visual system on the direction of a grating was originally
reported by Taylor [433]. The classic paper on the implications of photoreceptor
packing patterns on the retina is Yellot’s paper of 1983 [496] on the monkey retina.
The work of Williams and Collier on the human retina [479] suggests that there may
be similarities between the monkey and human retina. The particular types of noise
that the human visual system is willing to tolerate were studied and characterized by
Huang {218].

1.10 Exercises

ixercise 1.1

Fire trucks used to be painted red. Now many new fire trucks are yellow-green.
Why?

Exercise 1.2
If you open your eyes underwater, it is difficult to see well, even if you have normal
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FIGURE 1.48
CSFs for different species. Redrawn from DeValois and DeValois, Spatial Vision, fig. 5.2, p. 150.

vision. But if you put on a face mask before diving, your vision is about as good as
it is out of water. Why?

Consider the variety of contrast sensitivity functions shown in Figure 1.48. Suppose
you were part of a psychology team preparing images to be shown to falcons. What
are the implications for your rendering system? Considering the CSF as the only
change between falcons and humans, could you produce images more quickly, or
would it take more time? How about for a goldfish?

Exorvcise 1.4

One common method for printing 3D figures is to print two different pictures on
top of each other, one each in red and green inks. Then a pair of glasses is supplied,
with a red transparent filter over one eye and a green filter over the other. Thus the
eye covered with the red filter perceives only the green part of the drawing, and the
other eye perceives the red. If the two figures are drawn as though seen from the
two eyes, a properly adapted viewer will see a 3D figure. Why do you think red and
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FIGURE 1.49
An absorption curve that’s 0 in blue, about 1/3 in green, about 1 in red.

green are the most common choice of colors for the inks? Why are the same colors
used for the filters? Would other colors work as well, or better?
Exercise 1.5
What evolutionary factors do you think may have been involved that led to the eye
focusing at infinity when at rest ?
Exercise 1.6
Design some images where different depth cues are inconsistent. Determine a relative
ranking for the importance of different cues to the human visual system.
Exercise 1.7
Colored glasses are popular both in mythology and in practice.
(a) Would image synthesis be easier or faster if everyone wore rose-colored
glasses?

(b) Some firms sell sunglasses (sometimes called “blue-blockers™) that block ul-
traviolet and even some visible-blue light. Would you expect these glasses
to actually improve any aspect of your vision in any specific and measurable
ways? Explain.

Suppose you had a sheet of plastic with the response curve given in Figure 1.49.
How would the daytime world look through a sheet of this material? How about
through two sheets? Three?






COLOR SPACES

2.1 Perceptually Uniform Celer Spaces: L*v*v* and L*a*b*

The XYZ color space is not a very intuitive space. It is difficult to interpret the mean-
ings of the values for X and Z, though Y was designed to represent the brightness
of a color. In addition to an intuitive interpretation of the axes, an “ideal” color
space would be perceptually linear: the distance between any two points measures
how “alike” they look. Such a space can make some computations easier.

For example, consider interpolation. If we wish to interpolate from color A to
color B, we might write C = (1 — a)A + aB and sweep a from 0 to 1. This is the
typical way that Gouraud and Phong shading are implemented. We would probably
like equal increments of o to result in steps of C that were of perceptually equal sizes.
Unfortunately, this does not happen in XYZ space: equal steps along the path from A
to B do not produce perceptually equal steps in the color of C. Figure 2.1 shows this
phenomenon. It shows the results of a color-matching experiment. Conceptually,
two colors of equal luminance were shown to observers and then one was changed.
The observer was asked to report when the change was visible. Each ellipse is a
region of constant color (the ellipses are magnified for visibility). The important
observation here is that the ellipses are not the same size or in the same orientation.
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FPIGURE 2.1
The MacAdam ellipses. Redrawn from Pratt, Digital Image Processing, fig. 3.7-2(a), p. 86.

Thus, a particular magnitude of shift in color space at one point may be undetectable,
but the same shift applied to a different color would be quite visible.

To overcome this problem the CIE defined two new, alternative color spaces,
called L*u*v* and L*a*b*. Both of these spaces, based on the XYZ space, were
designed to be perceptually uniform. Figure 2.2 shows the result of the ellipses in
the u*v* plane. Note that they are much more uniform than in Figure 2.1, though
they are still not perfect.

Another nonlinear transformation has been proposed {139] to make the color
space even more uniform; the MacAdam ellipses in this space are shown in Figure 2.3.
Though the uniformity is much better, the computation is much more complex than
for the L*u*v* or L*a*b* systems, as discussed in Pratt [345].

Each space is defined with respect to a reference white color (X,,Yy,, Z,). Usually
the reference white is one of the CIE standard illuminants, scaled so the Y, value is
100. Both spaces use the same definition of L*:
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MacAdam’s ellipses in a perceptually linear space. Redrawn from Pratt, Digital Image Processing,
fig. 3.7-2(b), p. 86.

Yy 1/3
Y/Y, > .008856 116 (7-) - 16

L* = r (2.1)

Y/Y, <.008856 903.3 (;)

Note that L* = 100 for the reference white, when Y = Y;,. In fact, L* may be
considered to measure the “lightness” of the color. The conversion between XYZ
and L*u*v* is given by Wyszecki and Stiles [489]:

v* =13L*(v' — v)) (2.2)
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FIGURE 2.3
MacAdam’s ellipses in Farnsworth’s nonlinear transformation. Redrawn from Pratt, Digital Image
Processing, fig. 3.7-3, p. 87.

The variables in Equation 2.2 are given by

, 4X
Y S X Y15y 132
o= 9y
X +15Y +3Z
;o 4Xn
Yn = X+ 15Y, + 32,
v AL (2.3)

"~ X, ¥ 15Y, + 32,

A plot of the spectral colors in L*u*v* space is shown in Figure 2.4. The solid in
the center is the region occupied by the colors reflected by objects that are illuminated
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FIGURE 2.4

Sketch of the L*u*v* color space. Redrawn from Wyszecki and Stiles, Color Science, fig. 1(3.3.9),
p. 166.

by the CIE standard illuminant Dgs; it is the region within which the distance formula
in Equation 2.10 is intended to be valid [489].

The L*a*b* space is another perceptually based color system that is sometimes
used instead of L*u*v*. The L*a*b* space is based on ANLAB(40), a color system
in wide use in the textile industry. The value for L* is the same as in Equation 2.1.
The other variables are given by

oo 1) ()
comf(D)o(E)] e

A plot of the spectral colors in L*a*b* space is shown in Figure 2.5. As in the
L*u*v* picture, the solid in the center is the region occupied by the colors reflected
by objects that are illuminated by the CIE standard illuminant Dsgs; it is the region
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FIGURE 2.5
Sketch of the L*a*b* color space. Redrawn from Wyszecki and Stiles, Color Science, fig. 2(3.3.9),
p. 167.

within which the distance formula in Equation 2.10 is intended to be valid [489].
Note that the spectral color curve has a kink at around 570 nm.

Each of the ratios given above is passed through a function f before it is used.
The function usually takes the cube root of its input. For numerical precision and
stability, values below a certain threshold are approximated linearly:

r > .008856 r!/3

fir) = { r < .008856 7.787r + 16/116 (23)

Just as L* corresponds to lightness (or the value transmitted along the achromatic
channel in the visual system), the a* axis corresponds to the red-green channel and
the b* axis to the blue-yellow channel.

To recover the XYZ coordinates of a color from either L*u*v* or L*a*b* requires
an inversion of the mapping process. The inverse relation for Y is the same in both

spaces:
Y, (L*+16\°
Y- (55) 26
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To recover X and Z from u* and v*, we first define a few temporary variables Q, R,
and A to help decouple the relations:

u* , v* ,

Q 3L +Un R B T 3Y(5R - 3) (2.7)

With these definitions, we find

_ (@-49)A-15QRY Xz_(A )

Z 2R =+3Z (2.8)

R

Note that if L* = 0, then X and Z are undefined. It is traditional in such cases to
set X =272 =0.
Recovery of X and Z from a* and b* is rather more direct:

Y 1/3 a* 3

% 1/3 b 3
Z=Z,,[(7) +200] (2.9)

Neither of these two color spaces is perceptually completely uniform, though they
are close. Work continues on developing more uniform spaces. The choice of which
of these two spaces to use probably doesn’t matter as much as making sure one of
them is used consistently.

By design, the Euclidean distance between any two colors A and B in either
perceptual color space may be computed from the magnitude of the vector between
the colors:

Ege = V(L3 — L) + (wy — u)® + (05 — vp)°
2= V(La - Lp)* + (@ — ap)’ + (b — bp)? (2.10)

One particularly important feature of these spaces is that two pairs of colors with
the same distance metric are almost perceptually equally similar or different.

These spaces do admit an intuitive interpretation. Think of either space as a
cylindrical coordinate system, with L* acting as the main axis of the cylinder, and
the other coordinates representing a point in the plane perpendicular to this axis.
The L* axis represents the “lightness” of a color. Given a value of L*, the plane
through the color point perpendicular to the L* axis defines a 2D system based on
(u*.v*) or (a*,b*). Intuitively, the angle around this plane represents the hue of the
color, and the distance from the L* axis represents the saturation. More formally, h,
the CIE 1976 hue-angle, is given by Hunt [219]:

hy, = tan™!(v* /u*)
hap = tan~1(b* /a*)

(2.11)


[Ioana Danciu & John C. Hart, and Neil Gatenby, Jeremy D. Wendt]
Erratum
The denominators 500 and 200 need to be multiplied by L*, and the + sign in the second equation should be a minus:

X = Xn[(Y/Yn)^(1/3) + (a*/(500 L*))]^3
Z = Zn[(Y/Yn)^(1/3) - (b*/(200 L*))]^3 

The equations for converting XYZ to LAB use an approximation (Equation 2.5) that isn't used when coming back, which can introduce some distortion. Here's a snippet of pseudo-code by Jeremy to convert LAB to XYZ. pow(a,b) computes a to the b power, and cbrt(x) computes the cube root of x (cbrt(x)=pow(x,1/3)).

LABtoXYZ

if (L* == 0) { return (0, 0, 0); }
Y/Yn = L* / 903.3;
if (Y/Yn < .008856)
{
    Y = Y/Yn * white.Y;
    X = white.X * ((a*)/(500 * (L*) * 7.787) + Y/Yn);
    Z = white.Z * (Y/Yn - (b*)/(200 * (L*) * 7.787));
}
else
{
    Y = white.Y * pow((((L*)+16.0)/116.0), 3);
    Y/Yn = cbrt(Y/white.Y);
    X = white.X * pow((Y/Yn+((a*)/500.0/(L*))), 3);
    Z = white.Z * pow((Y/Yn-((b*)/200.0/(L*))), 3);
}
return XYZ;
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and C*, the CIE 1976 chroma, is given by

Civ = V(u)? + (v*)?
= V@ 6 212

Much of the color computation in computer graphics has historically been done
in RGB space (discussed in more detail in the next chapter). For example, Gouraud
shading blends the color at the vertices across the face of a polygon. Typically
this blending is carried out by linearly interpolating the RGB coefficients of the
colors separately. Although this technique was chosen for convenience and speed
rather than theoretical accuracy, it usually seems to work acceptably well. This may
be somewhat surprising when we recall two of the problems that the perceptually
uniform spaces were designed to cure: equal steps in RGB space are not perceptually
equal color steps, and we might pass through colors on the way from one point to
another that intuitively don’t seem to be “in between” the two endpoints.

Figure 2.6 (color plate) shows the equal-step linear interpolation of two colors in
RGB space and the corresponding colors in XYZ and L*u*v* space. We show these
points plotted in both RGB and L*u*v* spaces in Figure 2.7.

2.2 Ofther Color Systoms

Many applications of computer graphics require the use of accurate color represen-
tations of natural objects. A blade of grass, a piece of obsidian, and a tin can all
have specific reflectivities that may be carefully measured. The best way to describe
these colors is probably with some form of spectral radiant power distribution (i.e.,
a complete spectrum). Each material is described by much more than simply a single
color; we will consider more complete material descriptions in Chapter 15.

There are also times when it is useful to create a new color: for example, when
creating textures to apply to surfaces or images that depart from reality. It is useful
to have access to convenient color representations for color design in such situations.

As mentioned above, the XYZ system, though a useful reference, is not an intuitive
space in which to design colors.

The RGB (red-green-blue) color cube, shown in Figure 2.8(a), is not much berter
than the XYZ space for color calculations. It is difficult to find any particular color,
and once located, it is difficult to adjust that color. Classic examples of both of these
problems are to ask a user to find brown, and then once found, make a lighter shade
of brown.

The L*u*v* and L*a®b* spaces have an intuitive interpretation as a roughly
cylindrical color space. In effect, the L* axis controls the lightness of the color. Each
cross section is a polar coordinate system with the angle controlling hue and radius
controlling saturation. A user may be given control over each of the three values.



FIGURE 2.7
The interpolation of two colors in equal steps in RGB and L*u*v* color spaces. (a) In RGB space.
(b) In L*u*v* space.
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FICURE 2.8

Several different color spaces. Redrawn from Hall, lllumination and Color in Computer Generated
Imagery, fig. 3.1, p. 46.
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Formulas for converting between these spaces and XYZ are given above. Interactive
navigation through one of these spaces is not easy.

The next four color spaces are very similar to each other and the perceptually
uniform spaces just mentioned. Each has a lightness axis and represents saturation by
distance from that axis and hue by angle around the axis. Each is defined with respect
to the particular monitor’s RGB. Thus, when communicating a color designed with
one of the following systems, you must specify the monitor’s phosphor chromaticities
in order to interpret the coefficients. It is probably better to convert the RGB values
to XYZ, since that provides a universal, device-independent representation.

The HSV (hue, saturation, value) hexcone is shown in Figure 2.8(b). The central
axis carries the gray values from black at the bottom to white at the top. The
conversion between RGB and HSV is a short procedure [147,181].

The HSL (hue, saturation, lightness) double hexcone is shown in Figure 2.8(c). Its
difference from the HSV hexcone is that the level of maximum available saturation
is at L = 0.5 rather than L = 1.0. The HSL double cone in Figure 2.8(d) is similar
to the HSL double hexcone, except that the cross section is circular rather than
hexagonal. The HSL cylinder in Figure 2.8(e) is like the HSL double cone, except
that the complete radius is available at all points along the L axis.

2.3 Furthor Roading

More information on color descriptions may be found in the standard text on color
systems written by Wyszecki and Stiles [489]. An extensive table for converting
among different color standards used in image processing and broadcast is presented
in Pratt’s book on image processing [345]. Hall [181] has much to say about color
systems and their effective use, and provides source code for converting between
color systems. Foley et al. [147] summarizes some of these and presents algorithms
for converting between color spaces.

2.4 Exorcises

Exercise 2.1

Build a color picking system using the L*a*b* or L*u*v* color space. How easy it is
to use? Compare it to an RGB system.

Exercise 2.2

Mixing light is an additive color system (red + green + blue = white), rather than a
subtractive system. Why do you think this is so?



2.4 Exercises 69

Exercise 2.3

(a) Interpolate the color C; = (.2,.3,.3) to C2 = (.8,.9,.7) in RGB space in ten
equal steps. Convert the RGB value at each step to L*a*b*, and find the
distance between each successive pair of points in L*a*b* space.

(b) Convert C; and C; to L*a*b*, and interpolate them in ten equal steps in that
space. Convert each interpolated L*a*b* value to RGB, and find the distance
between each successive pair of points in RGB space.

(c) Discuss your results. Suggest two situations where RGB interpolation is
appropriate, and two where it is not.

Exercise 2.4

Many of the intuitive color systems in this chapter use a cylindrical or conical
coordinate system. Design an intuitive model based on a spherical system. What
does it mean to interpolate colors in your system? Can you come up with a good
distance metric? Do you think a color system built on a toroidal coordinate system
would be a good idea? Why or why not? Do any other geometries suggest themselves
to you for color selection?






DISPLAYS

3.1 [Infroductien

The principal display devices in use today are light-emitting and light-propagating.
The distinction resides in where the light comes from: either the display itself or else-
where. Light-emitting displays include CRT and LED displays. Light-propagating
displays include print media, transparencies (including slides), and LCD panels.
Each type of display has many variations, and new alternatives are being developed
rapidly. In this section we will focus our attention on the CRT because it is one of
the most common devices used for creating images.

Each type of device also has many variations in the geometry of its component
color elements. For our CRT discussion we will emphasize the triangular lattice of
phosphors, though alternatives abound [298].

3.2 CRT Displays

A typical color CRT (cathode-ray tube) is shown in schematic form in Figure 3.1. At
the neck of the tube are three electron guns, each of which emits a narrow stream of
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A schematic view of a CRT.

electrons. Each stream passes through a pair of deflection coils that exert an electrical
force on the electrons and bend the beam from side to side and up and down.

The inside of the front face of the tube is coated with a pattern of blobs of
three different types of chemicals known as phosphors. A phosphor is a chemical
material that radiates light of a characteristic color when struck by electrons. Up
to a material-determined limit, striking a phosphor with more electrons causes it to
glow brighter. Many different types of phosphors that emit different colors have
been discovered. Most CRTs use red, green, and blue phosphors, which can form
a basis for a useful region of color space. We will have much more to say about
phosphors in Chapter 14.

The arrangement of the phosphors on the inside of the tube varies, but one
common setup is to place one small dot of each phosphor on the vertex of an
equilateral triangle, as shown in Figure 3.2 [298]. Phosphors are usually described
not just by color but also by persistence: how long they continue to glow after
absorbing a burst of electrons. A long-persistence phosphor will glow for a longer
period of time than a short-persistence phosphor. If you have seen television tubes
that appear to leave a “streak” behind fast-moving objects, this is probably due to
overly long phosphor persistence.
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Phosphors

Electron guns Shadow mask

FIGURE 3.2
The arrangement of electron guns and phosphors.

Typically, each of the three guns is dedicated to creating an electron beam that only
strikes phosphors of a single color. So although each gun is simply an electron emitter,
they are often called the red, green, and blue guns, identifying the color of phosphor
that the electron beam eventually strikes. Since the three beams are deflected in
unison, they are sometimes referred to as “the beam,” the three components being
distinguished only when necessary.

To ensure that each beam strikes the correct phosphor in each triplet, a shadow
mask is usually placed just behind the phosphors. The mask is an opaque screen
that has holes only where the beam needs to pass through to reach a phosphor. The
mask and the geometry of the beam angle serve to limit the beam to the intended
phosphor.

To create an image, the beam is deflected in unison to sweep the entire face of
the tube. Starting at the upper left (viewed from outside of the front face), the beam
is moved across the screen to the upper right. As the beam moves into position to
strike a particular triplet, the video signal coming into the monitor input specifies
the color to be displayed at that point as a linear combination of red, green, and
blue intensities, matching the phosphors on the screen. The intensity of the electron
beam at each gun is modulated to match the specified intensity, which in turn causes
each of the three phosphors struck by the beam to glow with the specified intensity.
Then the beam is moved to the next triplet, the correct color intensities are fed to
the guns from the video signal, and the process repeats.
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FIGURE 3.3
Beam spread illuminates several phosphors.

Although in this discussion we spoke of “the triplet” to which a beam is aimed,
in fact the beam is typically much wider than a single phosphor triplet. The beam
itself has a profile as shown in Figure 3.3, so the phosphors near the beam center will
glow most brightly and those to the sides less so [298]. The granularity of the dot
spacing on the shadow mask (called the pitch of the mask) is typically in the range
of 0.2 to 0.6 mm. The shadow-mask pitch is usually not the limiting factor on CRT
resolution; this is usually due to the electron optics or the bandwidth of the video
signal.

Many factors can cause the beam to stray from perfect alignment with the phos-
phors. These include assembly variations, stray magnetic fields from the environ-
ment, or the effect of heat inside the tube causing various parts to expand. To reduce
the required precision, some CRTs are designed so that the phosphor dot is larger
than the expected projection of the electron beam, as in Figure 3.4(a). The beam thus
has some tolerance for both horizontal and vertical movement, and the energy will
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FIGURE 3.4
The idea of the guard band. (a) Conventional CRT. (b) Black matrix CRT. Redrawn from Merrifield
in Color and the Computer, fig. 3-11, p. 72.

land on the desired phosphor. If the beam moves too far, then a nearby phosphor of
another color will be illuminated, reducing the precision of displayed edges.

In some environments, there may be enough ambient light in the room where the
CRT is viewed that the image on the screen will appear faded and the colors less
pure. Solutions to this problem generally involve somehow increasing the perceived
contrast. This may be accomplished with directional viewing screens, or angle-
restrictive filters, which can take the form of a thin or thick honeycomb placed over
the front of the CRT. This blocks ambient light from the side from reflecting off
the face of the CRT, but it also propagates that ambient light that impinges on the
screen. Another solution is to reduce the size of each phosphor and place it on some
light-absorbing material such as carbon black, as in Figure 3.4(b); typically, the mask
aperture is enlarged slightly at the same time. The beam now surrounds the phosphor
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and again there is some margin for misplacement. Everywhere on the face of the
tube where there is no phosphor, the background material will absorb the ambient
illumination. The amount of light each phosphor can put out is reduced because of
its smaller size, but the gain in contrast is sometimes worth the trade-off [298].

Other contrast enhancement relies on the optical properties of various materials.
For example, phosphors may be impregnated with pigments that absorb light near
the phosphor’s emission range and absorb all other light, effectively absorbing the
ambient illumination. This of course reduces the light emitted of the phosphor,
since some of its energy is being absorbed inside its own material, but the relative
proportions of the materials may be adjusted over a wide range to achieve a desired
contrast [267]. Another approach to increasing contrast involves a neutral-density
filter. This is a filter placed over the front of the CRT that uniformly reduces the
energy of all wavelengths of light passing through it. The reason this improves
contrast is because the intensity of the ambient light is usually much lower than the
intensity of the emitted light from the CRT, so reducing them both eliminates the
ambient light while still leaving a fraction of emitted light. The environment, filter
choice, and intended use of the display determine what fraction of attenuation is
called for. Finally, a selective filter may be placed over the screen. Figure 3.5 shows
the spectrum for didymium glass, along with the emission bands for some generic
red, green, and blue phosphors. Dymidium glass passes these wavelengths better
than others, so it works to attenuate some background radiation.

In general, monochromatic CRTs are capable of sharper focus, thinner lines, and
brighter output than color CRTs. This is because the shadow mask blocks most of
the beam energy in a multispectral tube, so that its achievable luminance is about 10
to 20% of that achievable from a high-output monochromatic CRT [298].

3.3 Dispilay Spot Interaction

There are many types of phosphor geometries used for CRTs. We will use as an
example a triangular lattice of clusters, where each cluster contains one phosphor
each of red, green, and blue, as in Figure 3.6.

3.3.1 Display Spot Profile

We further assume that each piece of phosphor may be modeled as a point-source of
light, with a circularly symmetrical emission p that assumes a Gaussian form. That
is, the intensity p at each point (z,y) on the screen (when the illumination is at the
origin (0,0)) is given by

2

p(z,y) = e @+ = g7 (3.1)
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FIGURE 3.5
The spectrum of didymium glass. Redrawn from Merrifield in Color and the Computer, fig. 3-15,

p. 75.

FIOURE 3.6
A triangular phosphor geometry.
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It will be useful to define R as that radius where p(R) = 0.5. Then
p(r) =e (3.2)

or, solving for R,
R = +/—In(0.5) (3.3)

3.3.2 N.-”.. lm"‘“.n

We are interested in the sum of many display spots on the screen. Following the
ideas in Castleman [77], we consider each spot p; to have center C;. Then for any
point P = (z,y), we may write the cumulative intensity D(P) as

D(P) = Z pi(P - C)) (3.4)

Equation 3.4 requires finding the contribution of every dot on the screen. The
Gaussian p(r) decreases monotonically with r, so we expect that at some cutoff
radius r = r., we can consider the contribution from a given spot to be negligible.
For any threshold 7 = p(r.), we find . = /—In(7). We will suppose that a
contribution of 1% is small enough to be negligible. When the spot drops to an
intensity of 7 = 0.01, we find r = 2.15. Thus if spots are closer together than about
2.15 times the radius of the Gaussian, they will sum with each other. We will consider
spots farther away than 2.15 times the radius from any point to have a negligible
contribution at that point. Call the interspot distance d. As d increases, two adjacent
spots interact less.

Figure 3.7 shows the value of D(d/2) for two fully on spots as d increases from
0 to 4R; that is, we are looking at how much light comes from a point midway
between the centers of the two spots as one moves away. We would like our field of
white to have value 1.0 everywhere, so we watch the sum of the dot contributions at
this particular point arbitrarily and find the distance where the two spots sum to 1;
we get a value of D(r) = 1atd = 2R.

This suggests that an interspot spacing of d = 2R may be the most desirable,
since we would like a flat field of fully on spots to have the value 1 everywhere.
Figure 3.8 shows the amplitude of the field from one spot center to the next at this
spacing. The total intensity at each point x measured from one center is given by
D(z) = p(z) + p(2R — z). Atz = 0 and z = 2R, D(0) = D(2R) = 1.0625. The
lowest value is at £ = R, where D(R) = 1, as expected. So the response isn’t quite
flat, though the variation is only 6.25% of the amplitude we would prefer.

This analysis has only considered the interaction of two spots. We will get a
better idea of how spots interact if we consider the entire local neighborhood for
several different patterns. We will do this now.
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FIGURE 3.7
The field D(0.5) halfway between two spots versus their distance d.

FIGURE 3.8
The field D(r) between two spots for different r using d = 2R.

3.3.3 Display Measurement

In the next few sections, we will look at the contrast, C, of several different patterns.
Contrast may be defined as

A max — min
contrast = —————— (3.5)
max + min

(other definitions include max / min and (max — min)/ min).
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FIGURE 3.9
Positions for a, 3, and v points.

To determine the contrast for different spot patterns, we will examine the bright-
ness of the field at three points: the center of a spot (which we call an a-type point),
a point midway between two spots (a S-type point), and a point midway between
three spots (a y-type point), as in Figure 3.9.

To find the amplitude at each of these points, we need to find all the spots that
contribute some light to that point. Recall our cutoff above of 2.15 radii; thus, we
need only concern ourselves with spots that have centers within this radius of the
point being evaluated.

The analysis is based on the geometry of the phosphor pattern. Figure 3.10 shows
the geometry for an a-type point, positioned directly over a spot center. Working our
way outward, we find that because of symmetry there are only four unique types of
phosphor centers that contribute: the spot the test point is on (S), and those labeled
A, B, and D in the figure. Since we have set our interspot spacing to d = 2R, the
cutoff for contribution by a spot to this test point is 2.15d. The circle in the figure is
drawn at r = 2.15d. We also include one layer of centers outside the circle to confirm
that we have included all the appropriate centers. Table 3.1 gives the distances.

Thus the brightness for spot a may be written by summing the Gaussian response
from each spot (using Equation 3.3 evaluated at the correct distance). For each
pattern, each contributing spot will have an associated weighting factor w(S;) of
either O (if cell S; is off), or 1 (if it’s on). We can write the final intensity of a (that
is, D(a)) as

6 6 6
D(a) = w(S)+ Y_ w(A:)p(da) + D_ w(B:)p(ds) + Y_ w(D:)p(dp)
=1

i=1 i=1

6 6 6
=w(S)+ > w(A)e ™+ w(B)e '+ w(D;)e (3.6)
i=1 =1

i=1
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FICURE 3.0
Geometry for centered spot.

Spot type | Distance (units of d) | Significant?
S ds =0 v
A da=1 v
B dp =2 v
C dc =3
D dp = V3~ 1.732 v
E dg = V7 = 2.646

TABLE 3.1
Spot distances for a.
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We can carry out the same analysis for the other two patterns. The distances for
B and ~, shown in Figures 3.11 and 3.12, are given in Tables 3.2 and 3.3.

We use the same capital letters in all three patterns for convenience; because each
analysis has a unique number of elements, there should be no confusion about which
position is intended by which letter.

The corresponding equations for 8 and v spots are given by

2 2 2

D(B) =) w(A:)p(da) + Y w(Bi)p(dp) + _ w(Di)p(dp)

i=1 i=1 =1

4 4
+>_w(Ep(de) + Y w(F)p(dr)
i=1 i=1

2 2 2
=Y w(A)e ™+ w(Bi)e ™+ w(D;)e34
i=1 =1 3

=1

4 4
+ Y w(E)e ™+ w(F;)e 134/ (3.7)
i=1 =1
and
3 6 3 6
D(v) =Y _w(A)p(da) + D w(Bi)p(ds) + > w(Cip(dc) + > w(F;)p(dr)
i=1 =1 =1 i=1

3 6 3 6
= Z w(A,')e_d/a + Z w(B,‘)e'm/3 + Z w(C,-)e_“"'/3 + Z w(l"})e‘”‘d/:3
=1 i

i=1 i=1 i=1

(3.8)

3.3.4 Pattern Descriptien

Each pattern of on-and-off phosphors may be described by a characteristic cell, or
cluster, which is a small group of pixels that is simply translated across the screen
to generate the pattern. Because we are interested in the contrast ratios for different
patterns, we will only consider black (off) and white (fully on) pixels. Each pattern
will be characterized by a value 7, defined as the ratio of the number of white to

_ number of white pixels
~ number of black pixels

(3.9)

We will consider values of 7 from 0 to 1.
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Geometry for 3-type points.

Geometry for y-type points
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Spot type | Distance (units of d) Significant?

A dg =1/2=0.5 v
B dg =3/2=15 v
c dc =5/2=25

D dp = v3/2 = 0.866 v
E dg = V7/2~1.323 v
F dp = v13/2 =~ 1.803 v
G dg = V19/2 =~ 2.179

H dy = V21/2 % 2.291

J dy = 31/2~2.784

K di = 3v3/2 ~ 2.598

TABLE 3.2
Spot distances for 3.
Spot type | Distance (units of d) Significant?

A da = V1/3=0.577 v
B dp = V7/3 = 1.528 v
c dec = V4/3 ~ 1.155 v
D dp = V19/3 = 2.517

E de = V16/3 = 2.309

F dr = V13/3 ~ 2.082 v
G dg = V28/3 ~ 3.055

H dy = V25/3 ~ 2.877

TABLE 3.3
Spot distances for .
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3.3.5 The Uniform Black Fleld (- = 0)

The uniform black field is shown in Figure 3.13(a). In this trivial pattern, every point
(,y) has the same intensity of 0: D(a) = D(8) = D(v) = 0.0. This is a perfect response
for this pattern; all three of our samples accurately display the pattern intensity 0.0.

3.3.6 Clusters of Four (1 = .25)

A fundamental cell of four pixels, with one white pixel, is shown in Figure 3.13(b);
it has a density of 7 = 1/4 = .25. There are four cells in the pattern, so there are
four different places to put an a-type test point. These four choices are shown in
the left-hand column of Figure 3.14. Similarly, there are four places to put a S-type
point (in the middle column) and four places for a v-type point (right column). The
weights for the various spots around each center are given in Table 3.4.

Using the weights in Table 3.4 and Equation 3.6, we can write the intensity for
each center:

D(ag) = 14 6e~%¢

D(oy) =27 4 2¢73d

D(az) = 274 + 2¢734

D(az) =2e74 +2¢73¢ (3.10)

The last three positions of a are equivalent, since they have similar neighborhoods.
Ideally, D(a) should be one and the other three should be zero.

We can make the same analysis for the 3 positions; there are again four of them.
The weights are summarized in Table 3.5. Using the weights in Table 3.5 and
Equation 3.7, we can write the intensity for each center:

D(Bo) = e~3d/4 4 9o—Td/4

D(ﬂl) = e—3d/4 + 26_7d/4

D(ﬁz) = e—d/4 + e—9d/4 + 26_13d/4

D(Bs) = e~/ 4 e=94/4 4 9e—13d/4 (3.11)

Again we notice that, due to symmetry, the expressions for 3y and 3, are equal, and
so are those for 33 and Ss.

Finally, we can carry out the same analysis for the « class of points. The weights
are summarized in Table 3.6. With Equation 3.8 and Table 3.5 we can write the
values for each position of the + points:
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Contrast and average test patterns. (a) The uniform black field, 7 = 0.0. (b} Clusters of four,
T = 1/4 = 0.25. (c) Clusters of two, 7 = 1/2 = 0.5. {d) The uniform white field, 7 = 1.0.
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Centers for the clusters of four. a-type points are in the left column, 3-type points are in the middle
column, and y-type points are in the right column.
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D(’YO) — e—d/3 + 26-7d/3 + 2e~l3d/3

D(’Yl) — e—d/3 + 2e-7d/3 + 26-1341/3

D(yz) = 3¢™44/3

D(v3) = e/ 4 2¢774/3 4 9¢~134/3 (3.12)

We can now compute various intensities on the screen for this test image for
different values of d. Figure 3.15 shows the values for the four different a-type
points as d varies from R to 3R. Similarly, Figures 3.16 and 3.17 show the variation
for 3 and v points for the same range of d.

We can now compute the contrast on the screen with respect to this set of posi-
tions. For each value of d, the brightest and darkest points are the minimum and
maximum of Figures 3.15, 3.16, and 3.17. These are shown in Figure 3.18, along
with the contrast value computed from them.

Notice that the contrast improves as the spot spacing increases. This argues that
for the best contrast, the spot centers should be as far apart as possible.

Our calculations allow us to compute some other interesting properties as well.
Consider the average intensity of the image. The ideal would be a value of 25%.
If we average the four values for just the o positions, we find a range of averages
shown in Figure 3.19.

3.3.7 Clusters of Two ( = .5)

A striped pattern may be generated by a fundamental cell of two pixels, with one
white pixel. One example is shown in Figure 3.13(c); it has a density of 7 = 1/2 = .5.
We will now apply the same analysis as above to this pattern. Figure 3.20 shows
the cell neighborhoods. There are only two of each type of point in this size cluster.
The weights for the two a-type spots are given in Table 3.7.
Using the weights in Table 3.7 and Equation 3.6 we can write the intensity for
each center:

D(ag) =1+ 2e % 4 6e744 4 273
D(a;) = 4e™% + 43¢ (3.13)
The weights for 3-type points are summarized in Table 3.8.

Using the weights in Table 3.8 and Equation 3.7 we can write the intensity for
each center:

D(Bo) = e~/ 4 e~94/4 4 ¢=34/4 | 9p~Td/4 4 9,—13d/a
D(ﬂl) — e-d/4 + e—9d/4 + e—3d/4 + 26-7d/4 + 26_13d/4 (3.14}
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FIGURE 3.13
The intensity of a points with respect to changing d for the cluster of four. (a) D(ag). (b) D(a),
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FIGURE 3.16
The intensity of 3 points with respect to changing d for the cluster of four. {a) D(8¢) and D(31).
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FIGURE 3.17
The intensity of - points with respect to changing d for the cluster of four. (a}) D(-yo), D(1), and
D(~3). (b) D(2).
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FIGURE 3.18
Min, max, and contrast for the cluster of four for different values of d.

FIGURE 3.19
The average intensity of the cluster of four for different values of d.
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Centers for the clusters of two.

Again we notice that, due to symmetry, both expressions are equivalent.

Finally, we can carry out the same analysis for the « class of points. The weights
are summarized in Table 3.9.

With Equation 3.8 and Table 3.8 we can write the values for each position of the
~ points:

D(70) = e~ /3 4 27 74/3 | 3¢744/3 4 9¢=134/3
D(m) = 2e™3 + 4e7™4/3 4 44~ 13¢/3 (3.15)

The corresponding intensity plots for this pattern are shown in Figure 3.21 for a-type
points and Figures 3.22 and 3.23 for 3 and « points.

As before, we can now compute the contrast on the screen with respect to this set
of positions. For each value of d, the brightest and darkest points are the minimum
and maximum of Figures 3.21, 3.22, and 3.23. These are shown in Figure 3.24,
along with the contrast value computed from them.

Again, notice that the contrast improves as the spot spacing increases.

The ideal average intensity of this image would be a value of 50%. If we average
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FIGURE 3.21
The intensity of & points with respect to changing d for the cluster of two.
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FIGURE 3.22
The intensity of 3 points with respect to changing d for the cluster of two.
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FIGURE 3.23
The intensity of -y points with respect to changing d for the cluster of two.
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Center S A] A2 A3 A4 A5 As Bl Bz Ba B4 B5 Bs D1 D2 D3 D4 D5 De

a |(1|(O0|j1({0}O0O|2|O0O|2T |1 |21 (1|1 |[O0O|O|1]|O0|O]|1
«a |(O0Of1}|0l1}1(0]1|0]O0Oj0O|O0O|0O|O0O}|1T]|1;0]|1|1]0

TABLE 3.7
a weights for cluster two.

Center |Ay |A2|B1|Bo|Dy|Dy |Ey |Eo |E3 |Ey | F) | Fo | F3 |Fy

Bo |O|1T|1T|O0O|O|21T|1T|O(O(2[1T[0|O
4 |(1j0flO0O|1f1}j0flO0O]1T|2T]O0O;O0O]|1|1]0O

TABLE 3.8
(3 weights for cluster two.

Center |A)|A2|A3|B1|B2|B3|Bsg|Bs|{Be|C1|C2|Cs|F1|F2|F3|F4|Fs|Fg

Y |0O|1}j0}1;y0}0(0|O0O|1T |1 1T {11 0fO0O(1[O0|O
mw |1fof1fo0f1f1f[1|1{0|O|O|OjO]|2|2]O]|1]|1

TABLE 3.9
v weights for cluster two.

the four values for just the o positions, we find a range of averages as shown in
Figure 3.25.

3.3.8 Tho Uniform White Fiold (r = 1)

The uniform white field is shown in Figure 3.13(d). In this field every pixel is on.
There is only one position for each type of point. We can write the equations for the
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FIGURE 3.24
Min, max, and contrast for the cluster of two for different values of d.
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FIGURE 3.23
The average intensity of the cluster of two for different values of d.

different spot positions by inspection.

D(a) =1+ 6e %+ 6e~4 + e3¢
D(B) = 26~ 4 2e79/4 | 9¢734/4 | ge~7d/4 4 4o~ 13d/4
D(y) = 2e™%/3 + 2e774/3 4 2e~44/3 | 4e7134/3 (3.16)



96 3 DISPLAYS

4
3 Max
2 Min

Contrast

1 125 1.5 1.75 2 225 2.5

FICOURE 3.26
Min, max, and contrast for the white field for different values of d.
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FIGURE 3.27
The average intensity of the white field for different values of d.

Contrast and average curves are shown in Figures 3.26 and 3.27. Notice that in
this case we want the contrast to be as low as possible, since we want a flat, white

field where every point in the image is identical.
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3.3.9 Spot Interaction Discussion

The essential point to notice from the above discussion is that there is a natural
tension on the distance between dots. To achieve a flat, uniform white image the
dots should be close together, so there is very little black space between dots. But
for high contrast, the dots should be far apart, so that one does not bleed into the
next, and a spot that should be off has an intensity near zero.

This tension must be balanced by the designer of the display; different choices
may be appropriate for different images. Although hardware manufacturers set the
dot spacing for CRTs, many tools for printing allow the user to set dot spacing and
other parameters as part of the imaging process.

The interdot spacing sets an upper limit on the precision with which we can
represent detail in an image. The apparent dot spacing is a function of the physical
spacing on the device and the distance between the device and the viewer, discussed
in more detail below.

3.4 Monitors

Earlier we presented a description of the physical construction of a CRT. We now
enlarge our view to include the driving electronics that control the beams; the com-
posite device is called a monitor.

Recall that the beam is swept top to bottom, left to right. When the beam
reaches the upper-right corner of the screen at the end of the first row, or scan
line, it moves back to the left side of the screen to start the next horizontal sweep.
During this interval, called the horizontal retrace, the beam is blanked: the electron
emission is set to zero, so no phosphors are affected. This interval is needed so
that the deflection circuitry can have time to update its charge, so the beam will
be appropriately positioned when it is turned on again. When the deflectors have
settled to aim the beam at the far left, it is turned on and the sweeping from left to
right starts again.

If the monitor is noninterlaced, then the second scan line swept out is directly
beneath the first. Thus if the monitor displays pictures with a vertical resolution
of 525 lines, then the order of lines swept out is 1, 2, 3, ..., 525, as shown in
Figure 3.28(a). When the beam reaches the bottom right, it is again blanked and
then moved back to the upper left, during the vertical retrace. In the United States,
a complete video image is usually swept out in about 1/30 second.

On the other hand, if the monitor is interlaced, then the image is built up by
first displaying all of the odd scan lines, then all the even, so the order of lines
would be 1, 3, S, ..., 525, 2, 4, 6, ..., 524, 1, as shown in Figure 3.28(b).
This requires an additional vertical retrace for each picture after the final odd scan
line. The first set of lines is called the odd field, the second the even field. Most
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FIGURE 3.28
Two raster scan patterns. (a) Noninterlaced. (b} Interlaced.

commercial monitors in the United States display images in interlaced format, since
commercial broadcasts use the NTSC standard, which specifies an interlaced signal.
Some industrial monitors offer both modes, with the choice controlled by a switch
or a computer signal.

An advantage of interlaced display is that the likelihood of flicker is reduced. As
we saw in Chapter 1, a rule of thumb is that under most viewing circumstances,
the flicker rate is about 30 frames per second, so a noninterlaced monitor will often
appear to flicker (consider a scan line 1/3 of the way down the screen; it is only
refreshed every 1/30 second). Of course, an interlaced monitor also displays only 30
complete frames per second, but alternating the fields effectively doubles the display
rate. To see this, again consider a scan line 1/3 down the screen: although after it is
swept it will not be swept again for 1/30 second, the scan lines immediately above
and below it are drawn 1/60 second later. Since we saw earlier that phosphors are
typically close enough to affect each other, we do not see a set of black bands where
the scan lines are at their oldest (almost 1/30 of second). The persistence of the
phosphor also helps sustain the steady emission of light from that scan line until it
is revisited.

Most monitors provide a pair of controls called brightness and contrast for the
user to adjust. Figure 3.29 shows a diagram of how these controls affect the signal
driving the electron guns. Figure 3.30 is a curve showing the intensity of emitted
light plotted against the voltage applied to the guns. Note that below a cutoff voltage
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FIGURE 3.29
What contrast and brightness controls do.

FIGURE 3.30
The phosphor light emission plotted as a function of input voltage.

Ve, 00 light is emitted by the tube. For voltages V greater than the cutoff, the light
intensity follows an exponential curve of the rough form k(V — V,,)”. The exponent
7 is usually between 2 and 3; we will have more to say about it in a moment.

The contrast control adjusts the amount of amplification of the signal; the more
the signal is amplified, the brighter it will appear on the screen. The brightness
control is a bias adjustment, adding some fixed voltage into the video signal before it
reaches the guns. Note that this moves the response curve left and right, not up and
down; this is important. The brightness setting then simply changes the minimum
amount of video signal necessary to cause the screen to emit light. The brightness
control is normally set to —V,,, so that 0 volts of signal is black, but any positive
signal is visible. It is the control normally called “contrast” that adjusts the overall
brightness of the image by boosting the intensity of the visible parts of the signal.

Typically we desire a monitor’s response to be linear with input signal: if we
double the signal, we would like to double the energy of the emitted light (notice
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that we are discussing radiant energy, and not brightness perceived by a human
observer; the latter has its own nonlinearities). For example, if we compute one
pixel to have a gray value of 100, and another a gray value of 200, we would expect
the latter pixel to emit twice as much light as the former. But as we saw a moment
ago, the intensity response curve is exponential, rather than linear, so doubling the
input intensity does not double the output light. Symbolically (and assuming that
brightness is set to —V,), 2k(V") # k(2V)?. To compensate, we typically adjust
the input signal before sending it to the monitor. Since the nonlinear response of
the monitor is described by the exponent v (gamma) in the response curve, this
compensation is usually called gamma correction. Thus instead of sending V to
the monitor, we send V1/7; then 2k (V'/7)Y = k((2V)'/7)”. In broadcast video,
gamma correction is performed before the signal is transmitted, so most monitors
expect the signal to already be corrected.

The usual range of gamma for color receivers is 2.8 + 0.3. Typically for video
display, full gamma correction is not applied; instead, the video signal V is usually
raised to about 1/2.2. The result is that the final image has an increase in gamma
over the original input signal by a factor of about 1.27. This intentional error
is introduced to compensate for the reduction in apparent contrast caused by the
dim surround conditions in which a monitor is normally viewed. Unfortunately,
this also causes colors to increase in purity and shift in their dominant wavelength.
The increase in purity may be beneficial in some circumstances, when it serves to
compensate for an apparent decrease in saturation of the colors due to the dim
surround conditions. Unfortunately, the shift in dominant wavelength will cause
small shifts in hue, as shown in Figure 3.31.

In modern display systems the gamma is often fine-tuned by setting a compen-
sation curve into the color map [78], though this must be done carefully [181].
Alternatively, the pixel values themselves may be precorrected [50].

The colors displayed on a monitor can be affected by many different phenomena,
only some of which can be controlled [62,78]. Even the magnetic field of the Earth
can affect the focusing and deflection of the electron guns [146], to the extent that
moving a monitor from the Northern to the Southern Hemisphere can cause a shift of
as much as 3 mm in the display’s center. Several manufacturers align their monitors
in different magnetic field environments depending on the destination of the CRT.
Even rotation within the field can cause a change in deflection; one company always
calibrates its monitors while facing east [146].

3.5 RGB Color Spaco

In Chapter 2 I stated that red, green, and blue (RGB) are often used in computer
graphics as the basis of a color space. This is an important observation that has
many practical results. The most obvious result here is that we can create any color
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by an appropriate combination of red, green, and blue. This is why those particular
types of phosphors are used in the construction of CRTs.

But “red” is an imprecise specification of a color. Precisely what “red” is used
in a CRT? The choice of phosphors must be carefully considered by a monitor
builder. For example, people are very sensitive to skin colors. If the broadcaster
specifies a particular color at some point on the screen to represent a skin tone,
this cannot just be specified by some combination of “red, green, and blue”; one
manufacturer’s choices of which colored phosphors to use may differ significantly
from another manufacturer’s, resulting in very different final colors on the screen. In
practice, most phosphor sets used in CRTs today are similar but not identical, and
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T Yy
r | 0.670 | 0.330
g | 0210 | 0.710
b | 0.140 | 0.080
w | 0313 | 0.329

TABLE 3.10
z,y coordinates for standard CIE phosphors and Dgsoo white point. Source: Data from Hall,
Hllumination and Color in Computer Generated Imagery.

they can vary even within sets of the same model produced with different shipments
of phosphors.

Referring back to Figure 1.42, the dashed triangle shows the subset of colors
that can be represented by a monitor with a particular set of phosphors. The
phosphors are at the triangle vertices and can generate anything inside by various
linear combinations. Note that there are huge patches of color space that aren’t
inside the triangle; these are colors we can perceive that are simply not available for
display on this type of device. By choosing other phosphors, you may define different
triangles and try to include more of the space. However, phosphors are complex
compounds that must meet many conflicting criteria, such as x, y chromaticity, purity,
persistence, stability, toxicity, and cost [267].

Recall from Chapter 2 that a color may be objectively described in the CIE XYZ
color space as a linear combination of the three Z(\), y()\), and Z(\) matching
functions. In effect, this is a 3D linear space with a particular choice of axes. We
may choose any three mutually orthogonal nonzero vectors to form an orthogonal
set of axes (or basis) in this space. We may then specify a color with respect to these
new vectors, and a linear transformation will take us from this set of coordinates to
XYZ coordinates, or vice versa.

The principal observation that supports the design of current CRTs is that most
sets of red, green, and blue phosphors form a roughly orthogonal (or at least non-
degenerate) basis in a linear color space.

When a broadcaster creates a video signal, the color information is described
as though all monitors used a particular set of standard phosphors. Thus, from
the broadcaster’s point of view, the precise meaning of “red, green, and blue” is
exactly the spectral response of the standard phosphors bearing those names. The
chromaticities of these phosphors are given in Table 3.10 along with the white point
for the CIE standard Dgsgp illuminant.


[Gary Bishop]
Erratum
Referring to Figure 3.32, the triangle
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If a particular monitor was not constructed out of the standard phosphors, then
the displayed color will be different from what was intended. Whether this distortion
is acceptable depends on the amount by which the particular phosphors used differ
from the standards, and the desired accuracy of the match. Some receivers have
internal circuitry to map the incoming signal (assumed to be with reference to the
NTSC primaries) to the particular phosphors in that tube [181]. Most industrial
RGB monitors do not include this circuitry.

The main point here is that it is meaningless to speak of “RGB values” without
explicit reference to which phosphors you are discussing. Nevertheless, you often
hear computer graphics people speak of a color in terms of RGB without reference
to a phosphor set. They are usually implicitly referring to the RGB signal intensities
that they feed into some particular monitor to achieve the desired color. If they do
not specify their phosphors, then they are really not telling you much; if you use
those RGB values on another monitor, you will probably get something like what
they had, but you may be rather far off; there is certainly no need for much care or
precision in matching such a loosely specified color.

The mechanism for converting from a standard color space to the particular RGB
phosphors in some monitor is straightforward. The following discussion will show
the procedure with respect to XYZ color space, since transformations to and from
that space are well known for most color descriptions.

Our goal is to find a matrix M, which will take a three-element vector representing
an XYZ color and transform it to an equivalent RGB vector for some particular
monitor. We will compute M by finding N (the transform from RGB to XYZ) and
then inverting the matrix.

The first step is to find the chromaticities of the phosphors and white point of the
target monitor. We will call the white spot (w;,w,), and the red, green, and blue
phosphors, respectively, (rz,7y), (9z,9y), and (bz,b,). The corresponding z value
for each color may be found from z =1 -z — y.

From the phosphor triplets the matrix K in Equation 3.17 is built, and from the
white-spot triplet the XYZ vector W is built; the latter is the color corresponding to
the white point (X,,, Yy, Z,) scaled so that the luminance Y,, has the value 1.0. We
will also have use for the RGB white point F = (11 1).
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G- 0 0
G=| 0 G, 0
0 0 Gy

Observe that N = GK (the RGB-to-XYZ matrix is given by the matrix of the
phosphor XYZ chromaticities, differentially scaled so that the white-point luminance
Y is set to 1.0). Since N relates the XYZ white W to the RGB white F, we can
write W = FN. Substituting the previous expression for N into this equation, we
find W = F(GK), so WK~! = FG. Observing that V = FG, rewrite this as
V = WK~!. We now have V, and from that we can build G. With this, find
N = GK, and from that result find M = N~1. In summary, the steps are as follows:

1 Build W and K from the monitor white spot and color phosphor chromatici-
ties.

2 Compute V= WK1,

3 From the vector V, build the matrix G.
4 Compute N = GK.

8 Compute M = N1,

Now, to convert any XYZ space color vector Cxy z into the appropriate RGB
color Crgp for this monitor, just post-multiply Cxy z by the XYZ-to-RGB matrix
M: Cgep = CxyzM. Similarly, if you have designed a color Crgp you like on
your monitor and you want to know its XYZ coordinates Cxy z, use the inverse
matrix: Cxyz = CrgsM~1. The matrix M for a monitor with standard NTSC
phosphors and a white point given by the phosphors in Table 3.10 is

1.967 -0.955  0.064
M=| -0.548 1938 -0.130 (3.17)

-0.297 -0.027 0.982

3.5.1 Converting XYZ to Speciva

One problem shared by all these systems is that the resulting color does not have
an intrinsic spectral representation. We will find it important in later sections to
describe colors as functions defined with spectral representations, providing an am-
plitude at each wavelength. We saw earlier the equations to convert such a color,
C()), into XYZ coordinates. But the color systems mentioned above provide only
the XYZ coordinates; from these three numbers we wish to build a corresponding
spectrum C()).

There are several techniques that may be used, each with advantages and disad-
vantages. These are discussed in Glassner [155]. If you know the phosphor curves for
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your monitor, then you may simply represent any color by the appropriate weighted
sum of those three phosphor curves. Another reasonably useful method synthesizes
a color by weighting the first three Fourier basis functions.

Specifically, choose a flat spectrum F;()), a single cycle of a sine curve F2()),
and a single cycle of cosine F3()). Since these functions form a basis for all spectra
and the conversion from spectra to RGB is linear, we may match an RGB with the
transformed values of the spectra and use the same weights to create a new spectrum.
In this case, build the three functions each from 380 to 780 nm:

F(\) = -;- [1 + sin (271')\ ;0::)80)]
BN =3 [1 + cos (27rA ;0280)] (3.18)

We now wish to find the three weights W = [w; ws w3] with which to scale
these spectra to build the new spectra. To find these weights we will find the RGB
coefficients of each spectrum and store them in a matrix D. We build D from the
XYZ components of the three spectra:

( / FLOVZ(\) dA FuV)F(A) dA RO
AERY AERV AERV

D= A o, BT A o, PO A o, PV A

\/MV BOENA [ ROINS [ RO )

(3.19)
Each component of D is the result of integration of one of the basis functions with
one of the CIE matching functions. For example, F;(\)x = ;:0380 Fi(AM)Z(X) dA.
Since D represents the XYZ coordinates of the spectra, the composite matrix DM
represents their RGB values, where M is the XYZ-to-RGB matrix built in the pre-
ceding section. Recall that M is different for each monitor’s unique set of phosphors.
Some set of weights W on these RGB values will match the RGB color R = (r g b)
we have designed:

W(DM) =R (3.20)

We may now easily solve for W:

W = R(DM)~! (3.21)

The spectrum C()) we desire is thus C()\) = wy Fy(A) + wz F2(A) + w3 F3()\). This
spectrum is smooth and continuous, but it may contain negative values.
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A drawback of this process is that the curves have little relation to the monitor.
The connection may be made stronger by using real spectra as the matching functions
if they are available, either from the monitor’s phosphors for output, or the scanner’s
response if we are digitizing a photograph. Although they are more closely tied to
the color being matched, these spectra are often far from smooth.

Color calculations with intuitive meaning are best performed in L*u*v* or L*a*b*.
Referring back to our earlier example of linear interpolation, equal parametric steps
in this space will result in perceptually equal steps of color. Other color calculations,
such as finding the center of gravity of a collection of colors, filtering a set of colors, or
even simply finding the color halfway between two extremes, are all best performed
in one of these perceptually uniform spaces if the results need to be perceptually
consistent and there is sufficient processing power available.

3.6 Gamut Mapping

Consider again Figure 1.42; it shows the triangle of colors representable on a CRT
for a given set of three phosphors. The range of displayable colors for any particular
device (i.e., monitor, printer, film) is called the device gamut.

Unfortunately, not all displays share the same gamut. When some of the colors
in an image lie outside the colors available on a particular device, we must somehow
get the colors in the image gamut to all lie within the device gamut. This process is
called gamut mapping.

Gamut mapping is difficult since it involves somehow distorting the original
picture in order to make it displayable.

A chromaticity diagram for a typical monitor and printer is shown in Figure 3.32
(color plate). The monitor gamut is marked with the triangle, and the printer is the
colored region in the center. Notice that the white points of the two devices do not
line up. Also notice that there are colors available to the printer that the monitor
cannot represent; an image designed on a monitor is unlikely to take advantage of
these colors. Far worse from today’s computer graphics standpoint is that there are
many colors available on a CRT that are simply unprintable. There are missing
regions in the greens and reds, and a great deal of unavailable color space in the
blues.

Proper gamut mapping for a given image is still an art [181,420]. Hall [181]
distinguishes two types of out-of-gamut colors: those that have a chromaticity that
cannot be matched by the device, and those that can be matched in chromaticity
but not intensity. The first set of colors, when mapped to a CRT device, gives RGB
values less than 0; the second set gives RGB values greater than 1. Most gamut-
mapping methods assume that the input is an image that has already been converted
to RGB for a particular monitor.

Most gamut-mapping methods seem to fall into one of two general categories:
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global and local approaches. A local approach examines each pixel individually
and adjusts only those pixels that are out of gamut. A global approach applies
information gathered from the entire picture when considering what to do with each
pixel, including those within gamut.

Local methods operate on each pixel independently, typically only processing
those that are out of gamut. Some local methods involve projecting the RGB values
into another color system, operating on the pixel there, and then returning to RGB.
Some of these methods include the following:

B Scaling the pixel RGB components uniformly until it is within the device
gamut.

@ Scaling the intensity of the pixel but leaving its chromaticity unchanged.
@ Desaturating the pixel leaving the hue and intensity unchanged.

@ Clipping the pixel to the range [0, 1].

@ Scaling the pixel nonuniformly even if it is within gamut.

The problem with all local approaches is that they can introduce a type of error we
call limit errors. Limit errors appear when an object suddenly changes in appearance
from one pixel to the next due to an abrupt decision to apply a local transformation.
For example, consider a simple clipping operation that takes any color component
beyond 1 and sets it to 1. Figure 3.33(a) shows the color profile of the desired green
component of a sphere across a scan line, and (b) shows the result of clipping. In
effect, the bright part of the sphere becomes a flat sea of saturated green, and the
object will no longer look spherical at all. Even a smooth local operation, such as
the one shown in (c), changes the shading so that the object is no longer shaded like
a sphere. All local approaches share these sorts of problems.

Global approaches look over the entire picture before doing any processing. Some
global methods include these:

@ Finding the smallest color component in the picture (that is, the smallest value
of R, G, or B) and calling it a. Similarly, find the largest color components
and call it b. Display each pixel i as

(R,-—a Gi—a B;j—a )

b—a’  b—a’' b-a

(3.22)

@ Similar to the above, but compressing only that part of the input range for
each color component that is out of range, as in Figure 3.34. Using s and d
from Table 3.11, display each pixel as

(d+ s(Ri — a),d + s(G; — a),d + s(B; — a)) (3.23)
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(a)

FIGURE 3.33
Local gamut mapping. (a) A desired profile for a sphere. (b) The clipped profile. (c) A less drastic
transformation.

B Scanning the image and gathering statistics on all out-of-gamut pixels. Select
a local or global technique based on this information.

Global approaches don’t introduce the sort of limit errors created by local meth-
ods, but they have their own drawback: they introduce semantic inconsistency errors.
Consider Figure 3.35, which shows a red ball reflected in two different mirrors. For
convenience, we will assume that the ball is a uniform bright red color, so from any
angle it appears as a flat disk. The left mirror is 25% and the right mirror 50%
reflective. Suppose that the brightest parts of the ball map to a red component of
3 units (the monitor can only display values 0 to 1). So the pixels representing the
visible ball have red value 3, pixels displaying the ball in the left mirror have a red
value of 3/4, and pixels showing the image of the ball in the right mirror have a red
value of 1.5.

If we only adjust the pixels that are out of gamut, then we will affect the pixels
showing the ball and the pixels in the right-hand mirror, but not those in the left-hand
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TABLE 3.11
Selecting d and s for partial range compression.
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FIGURE 3.353
A ball reflected in two different mirrors with different colored reflectivities.

mirror. This is an example of a violation of semantic consistency: the picture no
longer represents what it originally was meant to represent. The red ball is darker,
the reflection in the right mirror is darker, and the reflection in the left mirror is
unchanged. If no other objects in the scene are out of gamut, and are reflected off
of these mirrors, then we have a strange situation where almost everything in the
scene is telling us about the reflectivity of these mirrors, but the images of the ball
act differently.

A local method to mapping this picture would also fail. Suppose we simply clip;
then the red ball and its right reflection are both at red value 1, and the left reflection
is at 3/4. Suddenly the right mirror seems to be reflecting all of its light for the red
ball, while reflecting only half of the light for everything else in the scene.

When all we have to work with is a grid of RGB values, there may be no best
solution. Stone et al. [420] suggest that a gamut-mapping technique should satisfy
five criteria, whose importance is based on the image and the destination gamut into
which we are mapping;:

1 The gray axis of the image should be preserved.

2 Maximum luminance contrast is desirable.
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3 Few colors should lie outside the destination gamut.
4 Hue and saturation shifts should be minimized.

8 It is better to increase than to decrease the color saturation.

If the goal is to display synthetic images, then we can use information gathered
during the rendering step to help in the gamut mapping, or even guide the rendering
process so that explicit gamut mapping can be avoided altogether, preventing any
limit or semantic inconsistency errors [160].

One approach is to change the renderer so that it creates not just RGB values at
each pixel, but also a complete symbolic expression that completely specifies which
colors were used to create that pixel and how they were combined [160]. Returning
to our mirrored ball example, pixels in the right-hand mirror reflecting the ball
would contain an expression that combines the emission of the light source and the
reflectivities of the ball and mirror. If we have this information for every pixel, we
can go back to the scene and adjust the scene colors until the resulting image is
completely in gamut, effectively rerendering the image with new colors for one or
more lights or objects.

The resulting image is not identical to the original picture, but any gamut-mapping
algorithm must change the picture since the original cannot be displayed. The
advantage of this approach is that the resulting picture is entirely self-consistent: the
image is rendered using adjusted colors, so for that set of object and light spectra,
the image displays the rendered results, not just a displayable distortion. Another
advantage is that the same scene may be processed several times for different gamuts,
so a scene designed on a monitor could have its colors adjusted so that the resulting
image includes those colors unavailable on the monitor but within the printer gamut.
For example, a dark blue wall may become desaturated because the printer can’t
handle that blue (thereby changing the effect of that wall on the rest of the scene),
but a green carpet might become somewhat brighter because the printer has that
color available. Note that the colors of some objects and lights in the scene may
not be directly visible in the final picture, but they also may be adjusted to cause
the entire image to come into gamut. This process may be run automatically, or a
designer may exert manual control over which objects may change color and which
may not. We will return to this idea in Chapter 20.

3.7 Further Reading

A good discussion of color and many of its applications to computer display may be
found in Durrett’s book [133]. In particular, Merrifield’s chapter [298] contains a
lot of information about CRTs, and Silverstein’s chapter [411] discusses many issues
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related to the human visual system. The chapter by Andreottola [10] surveys color
hard-copy devices, which have very different characteristics than CRTs.

An extensive discussion of almost every aspect of phosphorescence and phosphors
is offered by Leverenz [267], who includes chemical information, glow curves, and
even some manufacturing suggestions.

Colormap correction for gamma compensation was first presented to the graphics
community by Catmull [78]. The presentation there is carried on in Hall’s book
[181] and Blinn’s 1989 column [50]. The problem of gamut mapping is discussed
by Hall [181], who offers some suggestions; more recent work is discussed by Stone
et al. [420].

One of the first papers to consider the display as an integral part of the computer
graphics process was presented by Kajiya and Ullner in 1981 [238].

Exercise 3.1

Perform the Gaussian spot analysis for a rectangular grid. Use the center of a cell,
the center of an edge, and the corner of a cell as the three points of analysis.

(a) Identify the spot centers that contribute significantly to each type of point,
using the definition in the text.
(b) Compute the values at these three points for an all-white signal.
(c) Compute the values at these three points for an all-black signal.
(d) Compute the values at these three points for a perfect checkerboard signal.
Exercise 3.2

Write a program to compute spectra for a given RGB using the monitor matrix
in Equation 3.17 and the first three Fourier basis functions. Transform the colors
(-2, .4,.13) and (.8, .55, .45) into spectra from 400 to 700 nm in 5-nm increments.

Exercise 3.3
(a) Implement gamut mapping using clipping.
(b) Implement gamut mapping using global scaling.
(c) Implement gamut mapping using partial range compression of Equation 3.23.
(d) Try out all three methods on a few pictures that are out of gamut; how do the
results compare? Is any method fully acceptable?
Exercise 3.4
Analyze the contrast and average properties for the two fundamental cells shown in
Figure 3.36.
(a) is a fundamental cell of three pixels, with one white pixel. It has a density of
r=1/3=03.
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(a) (b)

Figure for tiling exercise. (a) A fundamental cell of three spots. (b) A different tiling of a four-spot
cell, (¢} A fundamental cell of seven spots. (d) A fundamental cell of eight spots.

(b) is the same fundamental cell we analyzed earlier, but with a different tiling
pattern. It has a density of 7 = 1/4 = .25.

(c) is a fundamental cell of seven pixels, with three white pixels. It has a density
of T = 3/7 ~ .429.

(d) is a cell of eight pixels, with four white pixels. It has a density of r = 4/8 = .5.
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Exercise 3.5
(a) Look very closely at the front of a color monitor and draw the pattern of
phosphors you see there. Suggest why they are arranged this way.
(b) Render on that monitor an image that is all black except for a single one-pixel-
wide vertical white line, and view it from at least arm’s length on that monitor.
What does the image look like? Look close up at the phosphor pattern and
describe how the phosphors are being illuminated. If the phosphors are not
lined up vertically in perfect columns, do you see a jagged line when at arm’s
length? If not, why not?
(c) Repeat step (b) for a horizontal line.
Exercise 3.6
Suggest a function for a local gamma-correction operation that is continuous in the
first and second derivatives.

Exercise 3.7
Kajiya and Ullner {238] model a Gaussian bump as
g(z) = 0;2_” exp [—.1:2/02] (3.24)

and suggest that the best value of o for an interdot spacing of 1 unit is o = 0.66.

(a) Plot the function f(z) = g(x) + g(1 — z) between two dots in the domain
z € [0,1] for o = 0.66 and o = 0.55.

(b) Numerically integrate to find the RMS flat-field error
E= / 1- f(@)? dz (3.25)

between the two dots for o = 0.66 and o = 0.55.

(c) Use your results from (b) to find the minimum for E as a function of o, and
plot the resulting field as in (a) using the same scale. Compare the shape of
this curve and its values to your results from (a).

(d) In (b) we computed E using a nominal flat-field value of 1. Was this a
good idea? Would it be better or worse to use a nominal flat-field value of
9(0) +9(1)?

(e) Test your answer to (d) by finding the RMS flat-field error

Es= / [d— f(z))*dzx (3.26)

where d = g(0)+g(1) for 0 = 0.66 and o = 0.55. How do the results compare?

(f) Use your results from (b) and (e) to find the minimum for E; as a function of
o, and plot the resulting field f as in (a) using the same scale. Compare the
shape of this curve and its values to your results from (a).
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hat is an image? If we’re scanning the world with our eyes, then the vis-

ible world is projected onto our retinas, where photoreceptors convert the
light information into electrical and chemical information. The photoreceptors are
densely packed on the retina, but there are only a finite number of them. So the
information leaving the retina is really only a description of a bunch of individual
colored dots.

This hardly seems possible; the image of the world in our mind’s eye appears to be
a smooth and continuous picture, and hardly a collection of colored dots. In fact our
visual system is doing a lot of processing both before and after the transformation
of the light into dots, not the least of which is to fuse our individual visual images
into a coherent whole. This remarkable process creates a mental image that for the
most part is free of the dots imposed by the photoreceptor pattern.

Image synthesis also produces a set of colored dots: these are the color values
on a frame buffer or other display. Because the same static image is visible for a
prolonged period of time (as opposed to the fleeting images on our retina), side
effects caused by this discrete representation become much more visible and thus
more important. Many of these side effects are known collectively as aliasing.
Even when the individual images are fine, we can experience aliasing in time for an
animated sequence, since each frame of the sequence represents its own (discrete)
slice of time.

A synthetic image computed on a digital computer is a digital signal. We usually
imagine it to be a discrete approximation of some smooth function that provides a
color at every point on the image. The image inside a computer is necessarily digital
by nature; the computer can only store numbers and (usually) can only compute
with finite precision.

To understand the nature of digital signals, we need to discuss the field of digital
signal processing, which involves the creation of digital signals from smooth ones,
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the transformation of those digital signals, and the process of eventually smoothing
them out again.

The worst problem that arises when we convert a smooth signal into a digital one
is aliasing. The mere word can conjure up visions of jaggies, motion strobing, moiré
patterns, popping, and many other objectionable artifacts in images and animations.
It is important that any rendering system suppress aliasing effects as much as possible.

The first step in controlling aliasing effects is to understand the problem. Aliasing
is a direct result of the fact that in computer graphics we work on a digital computer,
which stores continuous signals as a collection of samples. Intuitively, it seems
reasonable to believe that if you have enough samples of a signal (such as the
variation of color across a scan line), you should have a pretty good description
of the thing that was sampled. Aliasing comes about when we don’t have enough
samples for the object under consideration.

Aliasing effects are prevalent in computer graphics. Like crabgrass in the mani-
cured lawn of a rendering system, aliasing shows up everywhere you don’t explicitly
address it. To suppress aliasing requires a good understanding of its sources. The
best way to understand aliasing is to understand what happens to a signal when it
is sampled; the Fourier transform is a mathematical tool that allows us to see this
effect most clearly. It also gives us the vocabulary and related tools to discuss aliasing
problems.

We will see that while in general it is impossible in practice to remove aliasing
effects from our images, we usually can contain them or change their character so
they are less annoying.

This unit of the book presents material from the field of signal processing that
is relevant to computer graphics. Our goal will be to develop an understanding of
aliasing, both in the time and frequency domains. Our principal tool in this analysis
will be the Fourier transform.

In this part, I include most of the steps in various derivations and transformations.
If you get lost between some pair of equations, a good technique is to expand
everything out in both equations, and look for the simplifications that turn one
into the other. When a transformation goes beyond basic manipulation by using an
identity or other powerful tool, I will always mention it. I have also included several
tables of useful identities and properties to which we will refer throughout the book.

The traditional signal processing we cover in this chapter is a well-understood
body of knowledge. It is quite clean and elegant from a mathematical point of
view, once you get past the sometimes daunting notation. I have tried to make
the notation as straightforward as possible in this chapter, but much of the heart
of signal processing comes about from transformations on equations that seem to
inevitably contain a lot of subscripts, superscripts, limits, and other necessary clutter.
The equations are typographically complex, but most are simple in concept.

There are many books on digital signal processing listed at the end of these
chapters. What I have tried to do here is to select and present just the parts that are
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most important to rendering. I have tried to be as clear as possible in the discussion
and the derivations, but I have not always been rigorous. For example, continuity,
integrability, and other necessary conditions are often assumed, but not proven. The
goal in these chapters is to present the general ideas behind digital signal processing
in a way that makes them useful for computer graphics.

Before we begin, it may be helpful to take a bird’s-eye view of the entire process.
This is presented in Figure A for a 1D signal, and in Figure C for a 2D signal (or
image). The general idea is that we start with some 1D function (say a(t)) that is
defined for all values of its argument ¢, and eventually end up with something that
we present to an observer (using a CRT or other output device), labeled & in the
figure. What happens in between is the subject matter of this unit.

Let’s look at the general flow of information; all of these steps will be examined in
much more detail in the chapters in this unit. The general goal is that we want signal
k to look as much like signal a as we can. But we’re frustrated in that desire because
we assume that we are only allowed to gather point samples of a, represented in c.
The goal then is to somehow get something like a out of c¢. Anticipating the basic
ideas of this unit, we will use the words “signal” and “function” interchangeably. We
will also be a bit informal with the rest of our terms; we’ll sharpen them considerably
as we move through the book. We will sometimes think of the function as a picture
we want to show; think of it as a grey-level image so we don’t get bogged down with
questions about color right now.

We begin with a, which is defined at all points ¢; this might be any kind of function
or procedure. We begin by gathering samples of a at particular points that are given
by b, which is a row of pulses that are so narrow they select just a single value from
a. If we multiply together these two functions we get ¢, which is 0 everywhere except
where there’s a pulse in b; at those places, ¢ has the value of a. This is the process
of sampling, and it’s typically implemented in a rendering system by a ray-tracer,
z-buffer scan coverter, or similar visibility algorithm.

Now we only constructed c in this way because we assumed that we were forced
to (that is, a was so complicated the only information we could get out of it was a
set of point samples). The signal ¢ doesn’t look much like a at all; it’s basically a flat
function with a few spikes. It may seem reasonable to simply connect the spikes to
approximate a, and in fact that’s one way to go. But we will see that theoretically
the best way to look at this is to convolve c with a filter given by d. In this case, that
means we place one (reversed) copy of d on top of each spike in ¢, scaling that copy
of d so it has the same height as c at the spike. This act of convolution (symbolized
by a star (x)) results in e. In this case, d serves to simply connect the spikes, but a
different choice of d would combine the spikes in a different way.

Now we will suppose that we want to show the signal on a display device that can
only switch between color values at a finite number of places. For example, on color
hardcopy devices this is the smallest blob of ink the printer can make. Typically the
printer lays down a blob of ink of a certain color, and then moves the print head just
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FIGURE A

The general flow of a 1D signal from definition to display. (a) The input signal a. (b} A set of
equally spaced sampling pulses b. (c} The product signal ab, formed by multiplying the two signals
(or sampling signal a). (d) A reconstruction filter. (e) The signal ¢ * d, formed by convolving signal
¢ with the filter d. {f) A low-pass filter. (g) The result of convolving e with f. (h) A new set of
sampling pulses. (i) The product gh. (j) The display reconstruction filter. (k) The displayed signal
%]



Intreduction to Unit

(a) 1‘

(c)

{e)

(g

(i) l

(k)

e

P

(b)

(d)

f)

th)

4}

121

The Fourier transform of the general flow of the 1D signal in Figure A from definition to display.



122 Introduction to Unit 11

a bit in order to lay down the next blob. We have no control over what happens
between the blobs; the inks combine or not as they may. A CRT is similar; we can
choose what color we want to display at a finite number of locations on the screen,
but what happens between them depends on the physical device. For a given density
of display samples, there will be some signals we can’t show. For example, if we can
display a maximum of 100 dots per inch, then we just won’t be able to show a sine
wave with a frequency of 1,000 dots per inch. So we filter the signal before sampling
it, this time trying to get rid of any wiggles in the signal that might be happening
between our samples.

We smooth out the signal in e by convolving it with another filter, shown in f.
The convolution is a little trickier to see in this case since we place a (reversed) copy
of f over every point in e. We actually did this with d before, but because most of ¢
was zero, we never saw those copies. The result is the signal g.

Now we’re ready to figure out what to display. We make up another set of samples
represented by h to stand for the frame buffer memory locations and multiply that
with g; that gives us i. Each spike of i corresponds to a color we will show. If the
pulses in h correspond to pixel centers, then each pulse in 7 gives the intensity at that
pixel.

But we’re not done quite yet. Recall that once we’ve displayed a color in a frame
buffer, or printed it on a page, the color bleeds or the ink smears, depending on
the output device. Mathematically, what’s happening is that our signal 7 is getting
convolved with a function like j that tells how the device spreads around each of
our samples when it’s displayed. The resulting convolved signal is shown in k. This
is the signal that actually gets displayed.

The exact same process is shown for images in 2D. Here the original signal a is
the ideal function that represents the world that we want to render. Signal c is the
result of ray-tracing or scan-converting the scene, and 7 is what we store in the frame
buffer or output file. Signal j is the characteristic response of the monitor or printer,
so what we end up seeing is signal k.

The whole trick of signal processing is to get each of these steps just right: we
want to pick the right places to sample (that is, place the pulses in b), and we want
to use just the right filters in d and f to process the signal. We want to do this all
efficiently and accurately.

In this unit we will spend a lot of time designing the sampling signal shown in b.
We will be guided by what we call The Sampler’s Credo: every sample is precious.
This is motivated by the fact that rendering is often very expensive; in scenes with
millions of objects, every sample can take a long time to compute and involve many
visibility and shading calculations. We don’t want to waste even one, and we don’t
want to compute even one that we don’t really need. To make sure we get enough
samples, we have to use every bit of knowledge we can about a, even to the point of
building up that knowledge as we sample.

We need to choose our reconstruction filter in d so that we recover a good
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approximation to a in signal ¢ (joining the dots together with straight lines is easy,
but not very smooth; we can do better). Then we need to choose a good low-
pass filter in f so that we get rid of the quickly varying parts of the signal that we
can’t display. Typically, we’re given the sampling density in h as a characteristic of
the hardware and we can’t do anything about it. So we have to smooth out the
inappropriate quickly changing parts of e prior to its resampling by h with as little
damage as possible to the parts that we can represent.

The multiplication steps in this diagram are straightforward, but the convolution
steps may seem pretty weird. It turns out that they’re easy to understand if we take
the Fourier transform of the various signals. This gives us a similar but different
version of each function. The steps where we convolve functions then become multi-
plications of the Fourier representations, which have a very intuitive interpretation.
For reference, the Fourier transform for Figure A is shown in Figure B, and the
Fourier transform for Figure C is shown in Figure D. Notice that the multiplica-
tion operators have been replaced by convolution, and vice versa. This duality of
multiplication and convolution is an important part of Fourier analysis.

The goal of this unit of the book is to introduce those parts of digital signal
processing that are necessary to understand these figures, because they represent
what has to happen inside a rendering program. Sometimes one or more of these
steps is left out or ignored, and sometimes that’s justifiable; often, though, it isn’t,
and the result is that we get artifacts in our pictures.

It’s my opinion that a good understanding of rendering requires a good under-
standing of this flow of information, and that requires a good intuitive feeling for
the Fourier transform. Chapter 4 starts the unit with the definition of signals and
systems. We then build to the Fourier transform in Chapter 5 (and in Chapter 6 we
discuss its more recent cousin, the wavelet transform). The convolution operation
can be performed as an integration, which can be performed efficiently for very
complex signals (such as those in graphics) using Monte Carlo methods; we discuss
these in Chapter 7. We then lock down the interpretation of Figure A with a few
fundamental theorems in Chapter 8 that tell us exactly how to build our filters in d
and f given the sampling patterns in b and h under some specific conditions. Chap-
ter 9 takes a look at the more complicated problems that arise when the samples
are not uniformly spaced; that is, the pulses in b are not all the same distance apart.
After building up all this theory, we turn to practice in Chapter 10 where we survey
the algorithms people have developed to turn this theory into efficient and practical
rendering techniques.
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FIGURE C

The general flow of a 2D signal from definition to display. (a) The input signal a. (b) A set of
equally spaced sampling pulses b. (c) The product signal ab, formed by multiplying the two signals
(or sampling signal a). (d) A reconstruction filter. (e) The signal ¢ * d, formed by convolving signal
c with the filter d. (f) A low-pass filter. (g) The result of convolving e with f. (h) A new set of
sampling pulses. (i) The product gh. (j) The display reconstruction filter. (k) The displayed signal
i%j.
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The Fourier transform of the general flow of the 2D signal in Figure C from definition to display.






SIGNALS AND SYSTEMS

4.1 Infroduction

In this book we will think of synthetic images as multidimensional signals. This
chapter presents the basic tools for defining and discussing signals and the systems
that modify them. We will present several different types of signals and the different
types of information they can represent. We will also discuss the concept of different
spaces for representing signals. We show some notation that will prove useful later
in the book, and present a short catalog of useful idealized signals that we will use
as canonical examples.

We will discuss a fundamental technique for characterizing systems, and show
which signals pass through a system unchanged except for scale.

4.2 Types of Signais and Systems

For our purposes, a signal is any parametric function, of any number of input and
output dimensions, for which we would like to find individual values, or average
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FIGURE 4.1
(a) y(x) = 2x + 3 is smooth and continuous. (b) y(z) = sin(x) is smooth and continuous.
(c) y(z) = |z| is not smooth, but continuous. (d) y(z) = sgn(z) is neither smooth nor continuous.

values, within some range of the arguments. For example, signals include the distri-
bution of light on a screen, the light falling on a point on a surface or in space, or the
description of a reflection function on a surface. Since both signals and mathematical
functions have only one value for any set of parameters, we use the terms signal and
function interchangeably.

4.2.1 Continvous-Timo (CT) Signais

The conceptual side of computer graphics often deals with continuous-time (CT) (or
analytic) signals. These have a symbolic representation that enable us to evaluate
them for any parameter value; examples include y(z) = 2z + 3 and y(z) = sin(z),
which are plotted in Figure 4.1(a) and (b). An analytic signal need not be smooth
(i.e., differentiable everywhere), or continuous (i.e., unbroken).

The term “continuous-time” is unfortunate, because it implies that the parameter
to the function is a time value. In fact, this parameter (or argument) may represent
anything, including time, so perhaps “continuous-parameter” would be a better
term. But the term “continuous-time” is firmly established in the literature, so we
will use it here.

The concepts of a continuous-time signal and a continuous signal are distinct; the
former term only refers to the analytic representation of the function. Figure 4.1(c)
and (d) show plots of the functions y(z) = |z| and y(z) = sgn(z); the former is not
smooth, and the latter is neither smooth nor continuous, but both are continuous-
time signals, since they can be evaluated for any value of their parameter z.
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FIGURE 4.2
(a) An even function f(x) = f(—z). (b) An odd function f(x) = — f(—z).

The term “continuous” is often used in the signal processing literature when
the more precise term “continuous-time” is meant. The appropriate meaning is
usually clear from context. When there is possible confusion, I will use the full term
“continuous-time” (or its acronym CT).

We will write analytic signals with parentheses around the index, as f(z). The
index will typically be = or t, referring to spatial position or time. These letters
may be considered generic indices; the arguments will apply equally well for any
interpretation of the parameter. Our arguments to analytic functions will typically
be either real or complex vectors of one or more components. We will sometimes
write f(t) simply as f for convenience.

We say a signal is even if it is symmetrical about the origin; that is, for all z,
f(z) = f(—x), as illustrated in Figure 4.2(a). A signal is odd if it is antisymmetrical
about the origin; that is, for all z, f(z) = —f(~z), as illustrated in Figure 4.2(b).
One mnemonic for this definition is to remember that z2 is even (2 is even) and z3
is odd (3 is odd). Another common example that will be valuable to us later is that
cosine is even and sine is odd.

4.2.2 Discrete-Time (DT) Signals

The practical side of computer graphics usually deals with discrete-time (DT) signals,
also called discrete or sampled signals. These are signals that are only defined
at particular, discrete locations (typically integer values of the index parameter).
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FIGURE 4.3
(a) y[n] = 2n + 3. (b) y[n] = sin(n). (c) y[n] = |n|. (d) y[n] = sgn(n).

Sampled counterparts of Figure 4.1 are shown in Figure 4.3. Notions of smoothness
and continuity do not have analogs in discrete signals.

We will write discrete signals with brackets around the index, as f[n]. The index
will typically be i, k, m, or n, referring generically to any integer.

Because computers store real numbers with finite precision, signals are usually
quantized when they are evaluated. Sometimes we can avoid this problem by storing
our samples in a symbolic form (e.g., v/3/2 instead of 0.866), but most often we store
the results numerically, and thus surrender to the limited precision of the computer.
Although floating-point numbers are notoriously nonuniform in the quality with
which they can represent real values, even naive programming seems to perform
surprisingly well in general. A careful analysis of the quantization error in a computer
program is notoriously difficult [3, 353]; for the most part we will ignore this issue
in this book and assume that our floating-point number representations are perfect.

4.2.3 Periodic Signals

A signal is periodic if there exists some real number T, called the period of the signal,
such that for all z, f(z + T) = f(x), as shown in Figure 4.4. If a function is not
periodic, then it is aperiodic. By convention, T is positive; this saves us from needing
some absolute-value signs later on. The most common form of aperiodic signal in
practice is one that is everywhere 0 to the left and right of some interval. Any signal
that is zero outside of some finite fixed interval (called the active interval, the support
interval, or the region of support) is said to have compact support. We encounter
signals with compact support all the time in computer graphics. For example, an
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FIGURE 4.4
A periodic function with interval T: f(z + T) = f(z).

image is 0 beyond the boundary of the raster, light starts streaming into a scene at
some time and then stops some time later, and objects are at rest, then move, and
then come to rest again. These are all aperiodic signals with fixed support.

We will often form periodic signals by repeating an aperiodic signal. To make a
periodic signal g(t) with period T from an aperiodic signal f(t), we write

+oo
glt)= Y f(t—kT) (4.1)

k=—o00

Because this notational fragment will recur frequently in this book, it is worth
spending a moment now to become familiar with this idiom. It is most common
in the case where f(t) has compact support; that is, f(t) = 0 for all |¢t| > t, as in
Figure 4.5(a).

Equation 4.1 builds a new signal g(¢) from f(t) by repeating it every T units
(for the moment, we assume T' > 2ty, so the copies don’t overlap). Suppose we
know the value of f(s) for some real number —T/2 < s < T/2. Then g(s) =
o+ f(s=T)+ f(s)+ f(s+T)+--- = f(s), since only the value at f(s) is nonzero.
Now suppose we want the value of g(s + T'). Using Equation 4.1 we find that

gs+T) =+ f(s+T)+T)+ f((s+T)) + f((s+T) = T) + f((s + T) — 2T) + - --
=-+ f(s+2T) + f(s+T) + f(s) + f(s-T) +--
(4.2)
All these values are 0 except f(s); thus, g(s+T) = f(s), so g(t) is a periodic version
of f(t) with period T, as shown in Figure 4.5(b). If T < t, then the repeated copies
of f(t) will overlap and sum together, as in Figure 4.5(c).
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FIGURE 4.5
(a) The signal f(t), which is zero for all |t| > t;. (b) The signal g(t) = Y, f(t — kT). This
repeats the input signal every T units. (c) When T < ty, the copies of f will overlap.

4.2.4 Linear Time-Invariant Systems

Anything that alters a signal may be considered a system. For example, a concert hall
may be considered a system. In this case, think of the sound of a violin as a signal
represented by the amplitude of sound with respect to time. So a concert hall changes
an input signal (a violin played on stage) to an output signal (the particular sound
you hear at some particular seat). In computer graphics, our systems will typically
be programs, acting either as models of physical systems or in more abstract settings.
For example, a program to calculate reflection is often based on a physical reflection
model, while color-space transformations are abstract operations.

The easiest class of systems to understand are linear systems. For example,
suppose we have a system £ that maps (or transforms) some input z(t) to an output
y(t). We write y(t) = £{z(t)}; in mathematical terms, L is an operator. An operator
may be imagined as a device that takes in some object as an argument and returns
some new object, which is not necessarily of the same type as the input. In this
case L takes as input a function z(t), and returns a new function y(t). When we
drop the explicit argument, we write £{z}, which we often abbreviate simply as Lz.
To return the argument into this last form, we parenthesize the new operated-upon
function, writing y(t) = (Lx)(t).

We say that £ is linear if, for any two scalars a and b, and any two signals f(t)
and g(t), the following is true:

L{af +bg} =al{f}+bL{g} (4.3)

This important definition, diagrammed in Figure 4.6, is actually two definitions
in one. The first states that if we scale an input to the system, the output is an
equally scaled version of the output to an unscaled version of the input. In symbols,
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FICGURE 4.6
L{af + bg} =al{f} +bL{g}.

FIGURE 4.7
L{ag} = aLl{g}

L{ag} = aL{g}; this is diagrammed in Figure 4.7. The second property states that
the response to the sum of two signals is equal to the sum of the responses to the
individual signals; in symbols, L{f + g} = L{f} + L{g}. This is diagrammed in
Figure 4.8. These properties are at the foundation of many simplifying assumptions
that make linear systems easy to analyze and describe. In most of this book, we will
discuss only linear systems.
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FICGURE 4.8
L{f +g} = L{f}+ L{g}.

Our definition of a linear system includes many operators with which we are
familiar. Addition and multiplication are linear, as are summation and integration,
though the functions square root and floor are not.

If a system obeys Equation 4.3 for real numbers a and b, we say the system is
real-linear. 1f it also holds when a and b are complex numbers (discussed below), we
say the system is complex-linear.

One property we will often exploit is that since integration and summation are
linear operators, we can move another linear operator £ through them:

z:{ [ s dt} = [ty a

too +o00
ﬂ{ 2 flk1}= > A} (4.4)

k=—00 k=—00

We will use linearity properties often in this book.

In addition to linearity, we will further restrict our attention to time-invariant
systems. These are systems that respond the same way no matter when the signal
arrives. For example, consider an idealized concert hall, where properties such as
temperature and humidity are constant. If you clap your hands in such a hall, you
create a sudden pulse of sound that reverberates through the space in a particular
way characteristic of that room. If you clap your hands again a minute or two later,
the response is the same; the time you applied the signal is not relevant. This is an
example of a time-invariant system. In symbols,

if y(t) = f(z(t)), then y(t — 7) = f(z(t — 7)) for any 7 (4.5)
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No real-world physical systems are truly time-invariant. As an example of a
system that is not time-invariant, consider the energy required to make a pot of cold
water boil. Initially the pot is cold, so you must not only heat the water but the
pot as well. Once the water is boiling, you can pour it out and replace it with new
cold water. Since the pot is already hot, you need less energy to bring this new pot
of water to a boil than you needed for the first pot. So the same input (a fresh pot
of cold water) produces different results, depending on what has gone before. The
output of a time-invariant system to a given signal is always the same, while the
output of a time-variant system to the same signal depends on the signals that have
come before.

A discrete system obeying the similar rule

if y[n] = f(z[n]), then y[n — m] = f(z[n — m]) for any m (4.6)

is called shift-invariant. These terms are usually written as acronyms, so the linear,
time-invariant property is written LTI, and similarly, a linear, shift-invariant system
is an LSI system.

In most of this book we will discuss only LTI and LSI systems. Systems that are
either nonlinear, time-variant, or both are usually much more difficult to analyze and

understand, though chaos, fuzzy logic, and complexity theory are making fascinating
progress [2,161,226,227,253].

4.3 Nofation

In this section we present some pieces of notation and terminology that will simplify
the discussions throughout the book.

4.3.1 The Real Numbers

The set of all real numbers is denoted by R. To indicate that any particular number
7 is real, we write it as a member of this set: » € R. The symbol for the reals is
sometimes used to indicate the domain (or set of possible inputs) for a function. If a
function f takes a real number to another real (e.g., f(z) = 3z), we say that f maps
the reals into the reals. We say the same thing symbolically as f: R — R.

In computer graphics we often deal with spaces with more than one dimension.
A vertex V of a polygon, for example, may be specified by three real numbers. We
say that V' is drawn from a space built from three reals by writing V € R3. A matrix
M that transforms the vertices of a polygon from one 3D orientation to another may
be said tomap V € R3 to V' € R3, or M: R3 » R3.
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4.3.2 The Integers

The set of integers is denoted by Z. Thus if we write k € Z, we are saying that k can
take on any negative or positive integer value, including 0. The canonical integers
are denoted by letters from i to n, inclusive (although j will always stand for the
square root of —1, as discussed in more detail below).

A function f[n] which maps an integer to a real, such as f[n] = \/n, can be
written f: Z — R.

An important subset of the integers are the integers mod N. The word mod stands
for modulo arithmetic; the value of @ mod b is the remainder when a is divided by
b. For example, 2mod 3 = 8 mod 3 = 2. We write the set of integers modulo
some number N as Z/N. For example, Z/5 = {0,1,2,3,4}, and the binary group
Z/2 = {0,1}. Anyone who has worked with integers on a computer has had
experience with modulo arithmetic. An 8-bit register can hold the integers from 0 to
255. Thus, in Z/256, the sum 255+ 1 = 0. We will write this 255+1 = 0 (mod 256),
when the nature of the arithmetic isn’t clear from the context. In general, the set
Z/N={0,1,2,...,N - 1}.

4.3.3 Intervais

An interval is a range of real or integer values. Explicitly, if a is bounded by two
values ag and a,; such that ag < a,, then the interval of all a satisfying ap < a < a; is
written [ag, @1]. If a is not intended to actually include its lower bound ao, then we
use a round parenthesis for the left extreme: a € (ap, a;]. Similarly, we can exclude
the upper bound, a € [ao, a,), or both.

This notation is motivated by the problem of partitioning an interval. Suppose
we have an interval A = [a, ¢], where a < b < c. Then we can partition A into two
pieces A; = [a,b) and Az = [b, c]. Together, A; U A; = A, as in Figure 4.9(a). If we
defined A; to include b at its upper limit and A, to include b at its lower limit, then
we would have b represented twice when the sets were combined as in Figure 4.9(b).
This notation allows us to place b in only one set, avoiding the problem. Two sets
with no common elements are disjoint.

A single scalar a may be represented by a degenerate interval [a, a]. Sometimes it
is useful to specify just the size of an interval without fixing it to a particular starting
value. We call this a free interval and write it as [a]. Thus [a] represents the interval
[g,a+ g] for any g. We will often see [N] = [0,1,...,N —2, N —1]. In general, when
we write k € [N], we mean any sequence [k,k+1,...,k+ N —2,k+ N —1] mod N.
So [5) = [0,1,2,3,4], though we could interpret it as [5] = (2,3,4,0,1], since where
we start doesn’t matter.

In this book, we will represent intervals with capital Greek letters (e.g., ' and A).

If an interval is restricted to the integers, then there are only a finite number of
values in that range. For example, the integer interval [0,5] is [0, 1,2, 3,4, 5], while
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e A 1 4 4 1

la, b) 1 1 1 1 1 1 la, b]
| ] 1 1 | |

(b, c] — + [b, c]
1 1 1 1 | ]
| ] ! ! '

(4, B)Ulb, ¢] —prmmmmpemey b4, b]Ib, c]

FIGURE 4.9
(a) {a,b) U [b, c]. (b) [a,b] U [b, c] duplicates b.

the real interval 0, 5] contains an infinite number of values. We can distinguish these
types of intervals by writing I' € Z or I'z for an integer interval, and similarly I’ € R
or I'g for a real interval.

4.3.4 Product Spaces

It is often convenient to bundle up two or more spaces into one composite space.
For example, the function f(a,k) = ak multiplies together a real number @ € R
and an integer k € Z. So the domain of this function is both the set of reals and
the set of integers. We combine these two individual domains with the operator
®, which is called the Cartesian product operator, so the resulting space is called a
Cartesian product space. The resulting space is a combined space; if we form the
Cartesian product of the integers and the reals, we get a new space that has an integer
component and a real. An element of this space would be a pair of numbers, say an
integer k and a real a: (k,a) € Z @ R. We would write f as taking an argument
from the product space and returning a real: f: R ® Z — R, indicating that it takes
a real and an integer and returns a real.

As another example, consider the function g = aU, which scales a 3D vector U
by a real number a. The domain is thus formed by the Cartesian product of the real
numbers R and the 3D vectors R3, so g: R ® R® — R3.

A related idea is the Cartesian sum, written @, which forms the union of two
spaces. Since the reals contain the integers, the Cartesian sum of the reals and the
integers is just the reals: Z® R = R, and the Cartesian sum of the reals and the reals
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Im(z) 7 !

F—RC(Z)—’i e

FIGURE 4.10
(a) The Argand diagram for a point 2z and its conjugate Z. (b) A point z = (z,y) =
(r cos(0), rsin(0)).

is just the reals again: R @ R = R. For example, if we had a (admittedly strange)
function that accepted as arguments only the integers mod 5 and the reals, we would
write its input domain as [5] @ R (or R & [5], since union is commutative).

4.3.5 The Complex Numbers

A complex number is a pair of real numbers: z = (a,b). Complex numbers may be
interpreted in a variety of ways. One common approach is to write the number as
the sum of real and imaginary components.

Imaginary numbers involve the square root of —1. In this book I adopt the
electrical engineer’s notation and use j for this value: j2 = —1. The other common
choice for this symbol is the letter i. I chose j because it is widely used, and because
i is a canonical integer index in much of computer science and this book. So we can
define z = a + jb. We write the real part of z as Re(2) = a and the imaginary part
as Im(z) = b. The set of all complex numbers is represented by C.

Complex numbers are often plotted on an Argand diagram, shown in Figure 4.10.
This is a standard 2D grid, with the z axis identified with the real component of z and
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the y axis identified with the imaginary component. Thus a point (z,y) corresponds
to the complex number z + jy.

The complex conjugate of any real number z is written as Z or z*; we will use
the former notation in this book. The complex conjugate is found by negating the
imaginary component (o, graphically, by reflecting the point across the z axis). Thus
Z = a — jb, as in Figure 4.10(a).

An alternative to the Cartesian system of the Argand diagram is the polar co-
ordinate system. Here each point (r,0) is expressed by its radius r and angle
0 measured counterclockwise from the z axis. The two systems are related by
(z,y) = (rcosf,rsind), as in Figure 4.10(b).

In a 2D coordinate system such as Figure 4.10, the distance from the origin to any
point P with coordinates (P;, P,) is found by v P2+ Pyz. By analogy, we can write
the squared magnitude of a complex number 2 as |2|* = 2z = (a + jb)(a — jb) =
(a® + b%). We say the phase or angle of a complex number is given by its angle in
the polar interpretation, so the phase of a complex number 2z is given by the inverse
tangent of the angle  in Figure 4.10(b): Zz = tan~'[Re(z)/Im(2)).

Since every real number a may be considered a complex number a + 05, we say
that the real numbers are a subset of the complex numbers: R C C. In this chapter
we will see continuous functions f(z), which map complex numbers to new complex
numbers. We often say that the domain C is mapped onto itself, or that the function
maps the complex numbers onto themselves. We say that f is a complex-valued
complex function if f:C — C. Note that such a class of functions includes the
real-valued real functions f: R — R, the real-valued complex functions f:C — R,
and the complex-valued real functions f: R — C as special cases. For all functions
f: A~ B, we call A the domain of f, and B the range.

Another handy feature of real numbers is that they are their own complex conju-
gates: a+0j = a—0j. So if we have a function f(z) € R, then for all z, f(z) = f(z).
This will prove useful when writing formulas later on, particularly with the braket
notation discussed below.

A Hermite function f(t) is one that is symmetrical about the origin except for
conjugation; that is, it satisfies f(¢t) = f(—t).

If a system L is linear, then its real and imaginary parts are processed indepen-
dently. That is, £{z} = L{Re(z)} + jL{Im(2)}. So to transform a purely real signal,
we can attach any imaginary part, do the transform, and then ignore the imaginary.

4.3.6 Assignment and Iquality

L. o . ..
The symbol = is used in this book to indicate a definition (some authors use = or
simply =).
The equal sign = is often used in computer languages to indicate assignment to
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a variable. In pseudocode we will use the left arrow « to indicate assignment. The
equal sign will be used only to express equality between two expressions.

4.3.7 Summation and Infegration

We will often write summations and integrations over the reals or the integers. To
reduce notational clutter, we will define shorthand forms for these operators.

For infinite summations, we will indicate the index k over the range [—o0, 0]
either by k € Z, or simply with the argument &:

+o00
yeye ¥ 4)

k keZ k=—o00

For infinite integrals, the integrand is in the argument, so we write

Jat [ :° dt (4.8)

We will often sum over the integer interval [0, N) = [0, N — 1] = [N] for some N.
We define

AN
> = (4.9)
kE[N) k=0
4.3.8 The Complex Exponentials
A famous identity due to Euler is
e% = cos@ + jsinf (4.10)

where e is the base of the natural logarithm; e ~ 2.71828 [458]. This type of
complex-valued function is called a complex exponential or complex sinusoid. Proof
of the identity can be found by writing out the Taylor series for e!, and noticing its
relationship to the Taylor series for sine and cosine.

Euler’s identity can be used to generate many other identities that will come in
handy when we perform symbolic manipulations on complex numbers. Table 4.1
lists many of these identities, along with the definition above and some standard
results on exponentials from trig, algebra, and calculus. They are labeled E1 through
E21 so that we can later refer to different properties efficiently, though several are
simple variations on another. Some of the less obvious but useful identities are left
as exercises. We will use some of the more powerful identities later on to simplify



E1l €7@ = cos(a) + jsin(a)
E2 Re(e’®) = cos(a)
E3 Im(e?®) = sin(a)
E4 el eio =1
ES le™9e) =1
E6 eI = (eja)
E7 ela1giar — gilaitaz)
E8 ef%ea =1
E9 ef2mkte = e forke Z
E10 i— (e*) = e“%‘
E1ll /e"‘dt =e/a
Jja _ e—Ja
E12 | £"°" —sin(a)
2j
jo —ja
E13 | St _ osta)
2
El4 1= el = ¢—ia/2) [31(0/2) — 3—1(0/2)]
w s fa
. ) sin{S(W +1
E1S Z e~Jom — e<—J°W/2>—(‘iu a#k2m ke Z
m= sin (%)
w . fa
) sin ($(2W + 1)
El6 Z e~dom _ (;a——) a#k2r ke Z
W sin (%)
E17 7 =1forke 2
E18 e =1
el* —e77*  sin(a)
E19 : _ = km ke Z
elB —e=3iB  sin(B) B#kmke
E20 /e_’”‘zdu =1
w
E21 / e Jotdt = 2W sinc(aW/n)
-w
TABLE 4.1

Some properties of the complex exponentials.
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FIGURE 4.11
A sinusoid passes through w cycles in a time period of 2.

taking forward and inverse Fourier transforms. The sinc function in E21 will be
introduced in Section 4.4.4.

We can see from Euler’s relation that a complex exponential is a sum of sine and
cosine terms. Since each of these is periodic with period 27, the whole complex
exponential is also periodic with period 2. It is common to write the exponential
with a mixed exponent involving both frequency w and time t, as in e/**, and
associate with it a period T

T =2r/w (4.11)

The frequency is determined by w, while ¢ typically sweeps out the complex sinusoid
of that frequency. These terms are motivated by a picture such as Figure 4.11, where
a sine wave passes through w cycles in a time interval of 2. One cycle takes up a
width of T on the time axis. Here again standard notation uses the word “time”
and index ¢ in these functions, but any parameter would do as well.

To see that these functions are periodic with interval T, we write the value of any
such function at times t and t + T as

ejut = ejw(t+T)
— ejw(t+21r/w)

L jw2m/w
= eJWieniill
= et (4.12)

using E17 with k = 1.
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An eigenfunction is any function that passes through a system unchanged except
for a constant scaling of its amplitude. Thus, for any f(t) that is an eigenfunction of
a system S, S{f(t)} = sf(t) for some (perhaps complex) constant s. That value of
s for a particular function f(t) is called the eigenvalue for that eigenfunction. These
terms come from the German word eigen, meaning “same,”

The complex exponentials are very important to us in this book because they
are the eigenfunctions for any LTI system, and the scaling factors are the associated
eigenvalues. We will prove this below when we discuss convolution. This property
forms the heart of the Fourier transform, which we discuss in detail later.

We will use complex exponentials often in this book. Sometimes we need to have all
the exponents available in order to carry out a calculation or derivation, but often
they are just clutter that gets in the way of an intuitive interpretation.

To reduce this clutter, we will sometimes use a shorthand notation for the complex
exponentials. We will use primarily four types of these functions in this book, which
we define as

1/] = ejwt
wk = ejkwt
¢;c = ejk(21|'/N)n
thp = ez t¥y) (4.13)

We have already seen 1 and ; the other functions will be discussed when they are
encountered.

4.3.9 Braket Notation

The physicist P. A. M. Dirac introduced a notation called the bra-and-ket or braket
notation primarily to simplify some common expressions in quantum mechanics.
These expressions are of the same form as the Fourier expressions, which will occupy
much of our attention in this unit, so this notation is well suited to our needs.

The full definition of this notation can be derived from some basic ideas in group
and measure theories. Building up to the definition is straightforward, but would
take us far afield from our subject matter; a nice derivation may be found in Reid
and Passin’s book [357]. We will not be using this notation in its full generality; the
exposition below is limited just to what we will need.

There are two pieces to this notation. The first piece we consider is the one called
a ket (rhymes with bet). A ket is based on a function g, and is written |g). Note that
the delimiters | and ) are not absolute-value and greater-than signs, but form a single
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entity along with g; the right bracket ) is also narrower than the greater-than sign >.
In general, we will consider kets to be objects in some space.

Typically, kets are objects without a coordinate system attached to them. For
example, given two points A and B in space, a ket could represent A — B. Note
that A — B completely specifies a measurable, precise quantity, though we haven’t
defined this difference with respect to any particular coordinate system (e.g., standard
Euclidean, polar, cylindrical, and so on).

To turn a ket into a number, we typically use a projection operator, which maps
the object into some particular coordinate system. In this text, this abstract idea
boils down to multiplying a ket by a bra (rhymes with la). A bra is also built from a
function: for the function f the bra is written (f|.

Multiplying a bra and a ket together yields a braket, written { f| g). If f and g are
both complex-valued functions on a continuous space (such as R), then the braket
is defined as

(flg) & / Fg(t) dt (4.14)

Note that the domain of integration is not specifically mentioned in the braket; it
must be understood from context.

If f and g map the integers to the real or complex numbers, then the braket is
defined as

(flg) 2 Flnlgln] (4.15)

An example of the braket is the familiar Euclidean dot product of two real vectors
A and B: _
(A|B) = (A.B. + A,B,) = A -B (4.16)

Note that we have used A in the braket, since the braket conjugates its first argument.
Because of this interpretation, the braket can often be considered very similar to the
dot product. When the first argument is real, it doesn’t matter if it’s conjugated
or not, since a real is its own conjugate. In this case (A|B) = (KI B) is often
pronounced “A dot B.”

The power of the braket notation is that it lets us think about objects such as
|g), and ways to measure them such as (f|, without getting bogged down in the
details of the representation and the measurement. This is the same reason we write
A . B rather than Zf’:l A; B;; they both mean the same thing, but the former is more
succinct and general.

The reason for defining the braket this way has to do with the types of formulas
we will encounter later on. In this book you can usually think of (f|g) as the
projection of a vector g on a vector f, where we will sometimes use functions rather
than vectors.

The reason for conjugating the first argument in a braket is simply to make the
result easier to use. Because our functions are generally complex-valued, if we take
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the conjugate of one, then the result will be the integral of the square value of the
function:

(s19) = [Foswa
= / [a(t) — 3b(®)][a(t) + jb(t)] dt
=/wm+wmm
= / f2(t)dt (4.17)

Note that we may use a constant z for either a bra or ket; simply interpret it as a
function f(z) = z.. Also, observe that because the definition of the braket involves
taking the complex conjugate of the first function, if this is a real number then its
conjugate is itself.

The braket is not completely uniform in its properties. Let’s examine linearity. For
any three functions f, g, h, and any two complex constants a, b, the ket is complex-
linear:

(flag + bh) = a(flg) +b(fIh) (4.18)
so this is satisfied for a,b € C. But the bra is only real-linear:
(ag +bh| f) =a (gl f) +b(hl f) (4.19)

so linearity only holds when a = @ and b = b; that is, a,b € R.
However, the braket is symmetrical under conjugation:

(flg) = (gl f) (4.20)

The braket notation is unusual in signal processing, and you won’t find it used
in too many books on the subject (an exception is Reid and Passin’s book [357]). 1
use it here because the standard notation of Fourier transforms (and the derivations
leading to them) involves integrals of complex exponentials—such equations involve
limits and exponents that clutter up the formulas and make them look more complex
and daunting than they are. It requires some effort and determination to plunge into
a complex expression and decipher each symbol and its relation to the whole; the
fewer symbols, the less effort is required. Furthermore, simpler equations are easier
to understand. If the concepts are understood, and the notation is matched to the
concepts rather than the mechanics, then we can express relationships among objects
in a natural way. For signal processing, the braket notation is well matched to the
concepts we will use, and allows us to write simpler and more intuitive formulas.

The braket notation is not always appropriate for performing mechanical trans-
formations on functions and equations, so we will often drop back into explicit
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functional form for such operations. We will also write some important formulas
in both representations so that they will appear familiar when encountered in other
texts.

Sometimes we will want to restrict the limits of the integration of a braket to
something less than infinity. We can accomplish this by subscripting the braket with
the desired interval. Thus, for CT functions f and g, if ' = [a, }],

b
/fmmmﬁ=0wmﬁ
= (710} (421

When no domain of integration is explicitly listed, often we imply the domain of the
first function; as mentioned earlier, this is usually the interval (oo, o).

A more general definition of the braket involves a weighting function w(t) that
gives different importance to different regions of the domain being integrated. The
braket with weighting function is then

mm=/ﬂ%mmmu (4.22)

which may be written ( f| g),,. In this book we generally set w(t) = 1, so most of the
time we can safely leave out an explicit weighting function.

4.3.10 Spaces

The Fourier transform may be considered a technique for converting the definition
of a signal back and forth between two forms. We often speak of these forms as the
signal-space and frequency-space representations.

The terminology of referring to representations of numbers, functions, and other
objects as members of a space is quite intuitive once you get used to it, but it can be
confusing at first, particularly if you begin by imagining some actual physical space.
In signal processing, the word “space” is used in an abstract way to refer to a style
of description.

For example, consider a publisher who prints sheet music for popular songs.
Most sheet music include the words, melody, and chords of the song. Chords are
clusters of notes that carry the harmonic structure of the song. There are several
different ways to represent chords, and a music publisher must pick one (or m<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>